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[5pts] Problem1
y(n) = ly(n—l) +Xx(n) + l'x(n—l)
4 2

Thisisalinear constant coefficient system that isinitially at rest

— LTI.
[15 pts.] Question 2
2T .21
1i5n 1 -
(8@ (10pts) q(n) = 5e 3 +5e 3 4enn
period 3 period 2
Overall period=6 |og = %T‘
_x . =1
X =X,=5
Xz =1 for —2<k<3

Xy = 0 otherwise

(b) (5pts.) v(t) = cos(mt) + cos(t)
periyod 2 periE)d 2n

Overdl period p = 2m = 2nn where m, n are integers.

No such m, n exists because 2 isrational and 2x isirrational,

. not periodic.



[10 pts.] Question 3

(a) (5 pts.) Yes, the system F canbelinear.  X(t) ——b?—b{}—b y(t)

cos(wqt)

(b) (5 pts.) The system F cannot be time-invariant, because new freguencies have
been created that did not exist in X(m) .

[15 pts.] Question 4

(@) (7 pts.) Reading the signals off the diagram, we have:
y(n) = 5y(n—-1)-y(n—-1) + x(n—1) + X(n)
Written alternatively, the LCCDE describing the system aboveis:
y(n) +3y(n—-1) +y(n—-1) = x(n) +x(n-1)

(b) (8 pts.) We note that if s,(n) is the output of a delay block, then the
input to the delay block must be s;(n + 1), as shown below:

s(n+1) —» D —» si(N) i=12

Accordingly, we can label the original delay-adder-gain block diagram with s, (n+ 1) and
Sy(n+1).

We can now read off the diagram the expressionsfor s;(n+1), s,(n+1), and y(n).

Si(n+1) = s,(n)=3y(n) +X(n) } = s;(n+1) = —=5s,(N) +S,(N) —4X(N)

y(n) = s;(n) +x(n)

S,(N+1) = —y(n) }:”2(“*1) = —s,(n) —x(n)

Hence, the state-space equations are:

si(n+1) _|-51 S1(N) N _4x(n)
S,(n+1) —1 0] |s,(n) -1

A b
s.(n
y(m = [1 0][1( )]+1-x(n>
— 52| 4
CT d
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[25 pts.] Question 5

- Sion — L 1 i _ 1
(@ (7 pts) F(w) = zn“f(n)e ion = Ze"°+1+zfe 10 = 1+§cosw

F(w)e IR} F(o) = |F(o)| = 1+1cosm
N 2

F(w)>0 JF(w) = 0 for apositivereal quantity
F(o) FF(©)
3 A A
2
1 1
1
24
g+ > o —0 ’ > @
- -n/2| n/2 1w - T

Note: F(w), [F(w)|, and XF(w) are periodic and repeat outside the (—x, ) interval.

(b) (8 pts) h = f * g for acascade interconnection.

%{ n=-12
h(n) = Y f(mg(n—m) h(n=1s5
m Z n= O, 1
0 elsewhere
f(m) 1
1 | 1
4 4
il
-2 -1 0 1 2 :
Sanity Check:
1 1 f(n) has aregion of support
g(n—m) of length N = 3.
g(n) hasaregion of support
n=1n m of length M = 2.
5 5 h(n) h(n) has aregion of support
4 4 of length N+ M -1 = 4.
1 1
4 4
I
-1 0 1 2
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(c) (10 pts.) Recognize that g(n) = f(n—1) of Part (a). Hence,
Q(w) = F(m)e™® = (1+%cosm)e—i°):>

IQ(w)| = |F(w)| = 1+%cosm YQ() = - -n<O<T

<

Periodic with period 2r
4Q(w)
T
We plot only the phase here: - :
p y thep N \ -

1
—21’:\—|1t O‘L n 21\

-

_ tn , m™\ _ TN, n
r(n) = cos( 3 +3)— 005(3 +3)

For an LTI system

cos(myn +6) —» (ID_SI'OI)) — | Q(wg)| cos(wgn + 6 + ¥ Q(w))

This can be verified by recasting cos(wgn + ) in terms of complex exponentials and
simplifying expressions after invoking the eigenfunction property of complex
exponentials. Hence, the output v(n) is:

o = Qo5 45+ 3() = S 5135

v(n) = gcos(%n)
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[15 pts.] Question 6
(a) (4pts)

(b) (6 pts)

(©) (5pts)

The unit of 0, isradians/second.

The unit of Xy isvolts.

The unit of ® isradians/second.

The unit of dw isradians/second.

The unit of X(w) is X((;)_T)cdm has unit of volt = X(w) has unit of
volt - rad _ volt - sec
rad/ sec '

X(w)dw

No, X, and X(w) do not have the same unit; X, hasthe same unit as o

The unit of Q isradians/sample.

The unit of dQ isradians/sample.

The unit of Y(Q) is \%2 has unit of volt = Y(Q) has unit of
volt - radians  _
= volt - sample.

radians/ sample

No, the unitsof w and Q are not the same. o isthe frequency of aCT signa =
has unit of radians/sec. Q is the frequency of a DT signal = has unit of
radiansg/sample. Again here, 2 has unit of radians.
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[20 pts.] Question 7

(8 (5 pts.)
8 8 8 8
4 4 4
2 T 2 2 ] T 2
1 1 1
12 1/2
’ T L,
0 5 10 15 20
(b) (9 pts.) No, overall state S = {1, 2} x Redls
state = (mode(n), r(n))
mode(n) r(n) mode(n + 1) r(n+1) output y(n)
1 Ir(n)| <10 1 2r(n) +x(n) r(n)
1 Ir(n)| > 10 2 %r(n)+x(n) r(n)
2 r(n)| <1 1 2r(n) +x(n) r(n)
2 [r(n)] >1 2 %r(n)+x(n) r(n)

(c) (6pts) state(n) = (mode(n), timein mode 2, r(n))

S={12}x{0,1,2} xReds



[10 pts.] Question 8

(@) (5 pts.) We sample four times every second, at equally-spaced pointsin time:
T-025sec =f, = 4Hz (g = 8n rad/sec)
where s is the sampling frequency.

A
1
| | ) | > t(sec)
AN 1 /1 1 3
-1 S\_2 /2 2 ° 1
------ --1

(b) (5pts) fg—f, will appearasf; = 4 =f, =f =1 = f, = 3Hz.

NI~ T

Verify: y(t) = cos(6nt) evaluated at t

]
o
I
NI
AW

Second points:

y(0) = cos(0) = 1 = x(0); y(%) = COS(GZTC) = COS(%) =0= XGJ

y(%) = cos(%n) = cos(3mn) = -1 = x(%); and y(g) = cos(6n4' 3) = 003(9775) =0
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[15 pts] Question 9
(@ (5pts.) wy = 107 radisec = X, =
Xy =

= x(t) = %(ei 10mt 4 e—i 1071'1) + %(eiZORt + e—iZOTEt) —

X(t) = gcos(lont) + %cos(ZOnt)

?T . T§=w

-20n -10m 0 107 20m

1
(b) (10pts) fg = 15 Hz (0g = 30m rad/sec) = X (®) = _T_Ek/X(m—ko)S) = lSEkIX(m—3Och)

H(m)

» O

-15n 157

Because of the filter H(w), al frequency content of Xp(o)) outside of the (—15mr, 15m) band

will be suppressed. = We need only look at _%_ X(m), _—T_ X(w—-30m), and_%_ X(w + 30m):

% X(m) 4n 4n
2 3T T IsT on
3T 3T
} } } T 1 } 1 T } } } »
—50m 0™ 30720 107 O 107 207 307407 50,
1
T X(w—30m) 4n 4
2n BTI r’T 2n
3T 3T
} } } } } } T T } } T » O
—50m %0 30729 107 O 107 297 307 40T 50
L X(o + 30m)
T 4n 4n

2_11: 3T 3T 2_71',
3TT TBT

T T T T T } T T T T T Ll 0)
407 _20n—10n 0 101 207 301 40m 507

-50n "' =30mn
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The above three components [scaled spectral replica of X(w)] are added and only the
frequency content in the (—15mw, 15n) band is retained (and scaled). Hence, the spectrum of
y(t) is:

2n 2n

I I Y(o)
> ©

-10m 10m

= y(t) = 2cos(10xnt) (where 20nt frequency components are aliased down to 10m).
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