
EECS 20. Final Exam Practice Problems, Spring, 2005.

1. Consider a LTI system with[A, b, c, d] representation given by:

A =

[
1 1
0 1

]
, b =

[
0
1

]
, cT = [1 0], d = 0.

(a) Calculate the zero-input state response when the initial state iss(0) = [s1(0) s2(0)]T .

(b) Calculate the (zero-state) impulse response,h.

(c) Calculate the responsey(n), n ≥ 0 when the initial state iss(0) = [1 1]T and the
input signal is∀n ≥ 0, x(n) = δ(n− 1).

2. Consider the difference equation

y(n)− y(n− 1) = x(n)− 2x(n− 1).

(a) Take the state at timen ass(n) = [y(n− 1), x(n− 1)]T and write down the[A, b, c, d]
representation of the system. Find its zero-state impulse response.

(b) Implement the difference equation using two delay elements whose outputs are the two
state components.

(c) Find another implementation using onlyonedelay element. Write the[A, b, c, d] repre-
sentation for this implementation. Find its zero-state impulse response.

(d) Are the two impulse responses the same?

(e) Find the frequency response directly from the difference equation and by taking the
DTFT of the impulse response. Are the two frequency responses the same?

(f) Sketch the magnitude and phase response.

3. Consider a LTI system with[A, b, c, d] representation given by:

A =

[
1 1
1 0

]
, b =

[
0
1

]
, cT = [1 1], d = 0.

(a) Suppose the initial state iss(0) = [0 0]T . Find an input sequencex(0), x(1) of length
two such that the state at time 2 iss(2) = [1 1]T .

(b) Suppose the initial state iss(0) = [s1 s2]T . Find an input sequencex(0), x(1) such
that the state at time 2 iss(2) = [0 0]T . (The input sequence will depend ons(0).)

4. Two SISO systems with representations[Ai, bi, ci, di], i = 1, 2 are connected in cascade com-
position. Find an[A, b, c, d] representation for the composiiton.

5. A discrete-time, causal LTI systemS produces the outputy given by

y(n) = δ(n) + δ(n− 1) + δ(n− 2),
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Figure 1:Signal x for problem 7.

in response to the inputx given by

x(n) = δ(n) + δ(n− 2).

Find the impulse responseh of S.

6. Evaluate the convolution integralyi = hi ∗x whenx is the continuous-time unit step function
, x(t) = 0, t < 0;= 1, t ≥ 0, and the impulse responsehi is as given below,i = 1, 2, 3.

(a) h1(t) = 0, t < 0;= e−t, t ≥ 0.

(b) h2(t) = et, t < 0;= 0, t ≥ 0.

(c) h3(t) = et, t < 0;= e−t, t ≥ 0.

7. This problem concerns the various Fourier transforms.

(a) The exponential Fourier series of the signalx,

x(t) = cos(2πt) + sin(3πt),

(b) The Fourier transform of the signalz,

z(t) = e−t, t ≥ 0;= 0, t < 0,

and the Fourier transform of the signaly,

y(t) = z(t)eiω0t,

(in whichz is as above)

(c) Suppose the DTFTX of a signalx : Ints → Complex is as shown in figure1.

i. Prove that the signalx is real-valued.

ii. Suppose the signaly is constructed by:y(k) = x(k/2), if k is even; andy(k) = 0,
if k is odd. What is the DTFTY of y in terms ofX, and sketchY above.
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8. Find the DTFT of the signal

∀n ∈ Ints, x(n) = (0.5)|n|

9. Recall the inverse DTFT formula

∀n, x(n) =
1
2π

∫ 2π

0
X(ω)eiωndω.

(a) Use this formula to guess and verify the DTFT of the signalx(n) = eiω0n, where
0 ≤ ω0 < 2π.

(b) What is the DTFT of the signaly(n) = cos(ω0n) for 0 ≤ ω0 < 2π.

(c) What is the DTFT of the signalz(n) = eiω0n for ω0 = 2π + π/4. Note:ω0 > 2π.

10. In the figure2 on the next page, the left column shows three continuous-time signals,x, p, y.

(a) Write down expressions for the corresponding Fourier TransformsX, P, Y .

X(ω) =
P (ω) =
Y (ω) =

What is the unit ofω?

(b) Plot these Fourier Transforms in the column on the right. Mark the values atω = 0.
Also, on theω-axis, indicate the frequencies where the Fourier Transform is not zero.

(c) Suppose the signaly is sampled every 0.01 s, i.e. the sampling frequency is 100 Hz.
The discrete-time sampled signal is calledz. Write down an expression for the DTFT
Z of z in terms ofY .

Z(ω) =

What is the unit ofω?

(d) Sketch a plot ofZ in the figure.

11. The bandwidth of a continuous time signalx with FTX is by definition the smallest frequency
ωB such thatX(ω) = 0 for |ω| > ωB.

(a) What is the bandwidth of the signals:∀t ∈ Reals,

xk(t) = cos(10kπt), k = 1, 2, 3; x4(t) = x1(t) + x2(t) + x3(t).

(b) What is the FT ofxk, k = 1, · · · , 4?

(c) Supposexk is sampled at frequencyωs = 30π rad/sec. Find a simple expression for the
sampled signalyk.

(d) Find signalszk : Reals → Reals such that (i) the bandwidth ofzk is smaller than15π
rad/sec, which is one-half the sampling frequency; and (ii) ifzk is sampled at frequency
ωs it also yields the signalyk.
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Figure 2:Signals for problem 10.
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Figure 3:Setup for problem13.

12. We sub-sample a discrete-time signalx to yield another discrete-time signaly, wherey(n) =
x(n) if n is a multiple ofL andy(n) = 0 otherwise. Here, we are sampling one out of
everyL samples ofx. Compute the DTFT ofy in terms of the DTFT ofx. Under what
condition on the DTFT ofx would one be able to reconstructx from y? How would you do
the reconstruction? (Hint: mimic what we did for the CT to DT sampling.)

13. Consider the setup of figure3. The filtersH,G are as shown; the sampling period isT
seconds.

(a) Expressw, u in terms ofy andW,U in terms ofY .

(b) ExpressZ in terms ofX.

(c) Determiney andz for T = 0.1s and∀t, x(t) = sin(25πt) + sin(5πt).

(d) Suppose in this setupH is changed to∀ω, H(ω) = 1. TakeT, x as above, and determine
z.

14. The figure4 below is an incomplete description of a controller. When someone presses the
openbutton, the output is turnedon and 15 sec later it is turnedoff. If the openbutton is
pressed before the output isoff the output stayson for 15 sec beyond the last time theopen
button was pressed. If someone pressesclosewhile the output ison, it is immediately turned
off.

(a) Design the guards, actions, and outputs for the transitions so as to meet this specification.
Two modes are available, as shown in the diagram. However, you may use only one
mode.

(b) Sketch the output signaly when the input signalx is as shown. Mark all time instances
t wheny changes value.

15. a) Show cos(u+v) = cos(u)cos(v) - sin(u)sin(v) using complex numbers.

b) Squares cbqp and acmn are erected outwardly on the sides bc and ac of the triangle abc.
Let d,e be the centers of these squares. Let g be the midpoint of ab, and f be the midpoint of
mp. Show eg and gd are perpendicular, by representing the points on a complex plane.
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Figure 4:Figures for problem 14.
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16. Suppose thatx is a discrete-time signal with periodp = 32. Below are plotted six possible
such signalsx. For each of these, match one of the six plots on the next page, or indicate that
none matches.

matching FS:______________________ matching FS:______________________

matching FS:______________________ matching FS:______________________

matching FS:______________________ matching FS:______________________
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Below are six plots of the magnitudes|Xk| of the Fourier series coefficientsXk of a periodic
signalx with periodp = 32, for six different such periodic signals.

(a) (b)

(c) (d)

(e) (f)

17. Consider a discrete-time functionx where

∀ n ∈, x(n) = 1 + cos(πn/4) + sin(πn/2).

(a) Find the periodp and fundamental frequencyω0. Give the units.
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(b) FindK and the Fourier series coefficientsA0, · · · , AK andφ1, · · · , φK in

x(n) = A0 +
K∑

k=1

Ak cos(kω0n + φk).

(c) Find the Fourier series coefficientsXk in

x(n) =
p−1∑
k=0

Xke
ikω0n.

(d) Let x be the input to an LTI system with frequency responseH given by

∀ ω ∈, H(ω) =


−i if 0 < ω < π
0 if ω = 0 or ω = π
i if − π < ω < 0

For other values ofω, H(ω) is determined by the periodicity ofH. (Such a system is
called a Hilbert filter.) Find the output.

(e) Find the frequency responseH ′ of a new system constructed as follows,

H i

whereH is the Hilbert filter from part (d), and the triangle with ani scales its input by
the imaginary numberi. Note that even if the input is real-valued, the output is likely to
be complex-valued. Such a system is called a Hilbert transformer; approximations to it
are widely used in digital communication systems.

(f) Let the input to the system in part (e) bex. What is the output?

18. Let the continuous-time signalc given by

∀ t ∈, c(t) = 2 cos(ωct)

be a carrier wave for a radio signal. Letx given by

∀ t ∈, x(t) = 2 cos(ωxt)

be the signal to be carried by that radio signal (that it, it is a highly simplified stand-in for,
say, a voice signal). To be concrete, letωc = 2π · 8000 radians/second, andωx = 2π · 400
radians/second.

(a) Find and sketch the CTFT ofy where

∀ t ∈, y(t) = c(t)x(t).

Label your sketch carefully.Hint : The CTFT ofeiω0t is 2πδ(ω − ω0).

9



(b) Let y from part (a) be the input to an LTI system with frequency responseH where

∀ ω ∈, H(ω) =

{
0 if ω ≤ 0
1 if ω > 0

Find the outputu.

(c) For the sameu from part (b), let

u′ = SamplerT (u),

whereT = 1/8000 seconds. Find a simple expression foru′.

(d) Give the signalz = IdealInterpolatorT (u′), where againT = 1/8000 seconds, and
u′ is from part (c).
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