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Conservation of Angular Momentum

ü From Goswami et al:

Qbefore = 88−m a b, −m a b + HM L^2 + 2 m a LL Cos@θns@tD − θs@tDD<, 80, − m a b<<;
Qafter = 88m b Hb − L Cos@θns@tD − θs@tDDL, m L HL − b Cos@θns@tD − θs@tDDL + m a^2 + M L^2<,

8m b^2, −m b L Cos@θns@tD − θs@tDD<<;
QafterInv = Inverse@QafterD;
MatrixForm@H = FullSimplify@QafterInv.QbeforeDD
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jjjjjjj
− a L m Cos@θns@tD−θs@tDD

a2 m+L2 Hm+ML−L2 m Cos@θns@tD−θs@tDD2
−a Ha2 m+L2 Hm+MLL+L2 H2 a m+L ML Cos@θns@tD−θs@tDD2

b Ha2 m+L2 Hm+ML−L2 m Cos@θns@tD−θs@tDD2L

− a b m
a2 m+L2 Hm+ML−L2 m Cos@θns@tD−θs@tDD2

2 L Ha m+L ML Cos@θns@tD−θs@tDD
2 a2 m+L2 Hm+2 ML−L2 m Cos@2 Hθns@tD−θs@tDLD

y

{

zzzzzzz

FullSimplify@H.8θns'@tD, θs'@tD<D

9−Ha b L m Cos@θns@tD − θs@tDD θns @tD +
Ha3 m + a L2 Hm + ML − L2 H2 a m + L ML Cos@θns@tD − θs@tDD2L θs @tDLê

Hb Ha2 m + L2 Hm + ML − L2 m Cos@θns@tD − θs@tDD2LL,
2 H−a b m θns @tD + L Ha m + L ML Cos@θns@tD − θs@tDD θs @tDL

2 a2 m + L2 Hm + 2 ML − L2 m Cos@2 Hθns@tD − θs@tDLD =
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angconsimpact = % ê. 8L → a + b< êê FullSimplify

9−Ha b Ha + bL m Cos@θns@tD − θs@tDD θns @tD +
Ha3 m + a Ha + bL2 Hm + ML − Ha + bL2 H2 a m + Ha + bL ML Cos@θns@tD − θs@tDD2L θs @tDLê

Hb Ha2 m + Ha + bL2 Hm + ML − Ha + bL2 m Cos@θns@tD − θs@tDD2LL,
2 H−a b m θns @tD + Ha + bL Hb M + a Hm + MLL Cos@θns@tD − θs@tDD θs @tDL

2 a2 m + Ha + bL2 Hm + 2 ML − Ha + bL2 m Cos@2 Hθns@tD − θs@tDLD =

Perfectly Plastic Impacts

Method obtained from Bullo et al:

ü Generalized M matrix

MatrixForm@
Mmatrix = 88b2 m, −b Ha + bL m Cos@θns@tD − θs@tDD, −b m Cos@θns@tDD, 0, b m Sin@θns@tDD<,
8−b Ha + bL m Cos@θns@tD − θs@tDD, H2 a2 + 2 a b + b2L m + Ha + bL2 M,
Hb Hm + ML + a H2 m + MLL Cos@θs@tDD, 0, H−b Hm + ML − a H2 m + MLL Sin@θs@tDD<,
8−b m Cos@θns@tDD, Hb Hm + ML + a H2 m + MLL Cos@θs@tDD, 2 m + M, 0, 0<, 80, 0, 0, 2 m + M, 0<,
8b m Sin@θns@tDD, H−b Hm + ML − a H2 m + MLL Sin@θs@tDD, 0, 0, 2 m + M<<D
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jjjjjjjjjjjjjjjjjjj

b2 m −b Ha + bL m Cos@θns@tD − θs@tDD −b m Cos@θns@tDD
−b Ha + bL m Cos@θns@tD − θs@tDD H2 a2 + 2 a b + b2L m + Ha + bL2 M Hb Hm + ML + a H2 m + MLL Co
−b m Cos@θns@tDD Hb Hm + ML + a H2 m + MLL Cos@θs@tDD 2 m + M
0 0 0
b m Sin@θns@tDD H−b Hm + ML − a H2 m + MLL Sin@θs@tDD 0

l = a + b;
Pos1 = l Sin@θs@tDD − l Sin@θns@tDD + x@tD;
Pos2 = y@tD;
Pos3 = l Cos@θs@tDD − l Cos@θns@tDD + z@tD;
MatrixForm@F = FullSimplify@

88D@Pos1, θns@tDD, D@Pos1, θs@tDD, D@Pos1, x@tDD, D@Pos1, y@tDD, D@Pos1, z@tDD<,
8D@Pos2, θns@tDD, D@Pos2, θs@tDD, D@Pos2, x@tDD, D@Pos2, y@tDD, D@Pos2, z@tDD<,
8D@Pos3, θns@tDD, D@Pos3, θs@tDD, D@Pos3, x@tDD, D@Pos3, y@tDD, D@Pos3, z@tDD<<DD

i

k

jjjjjjj
−Ha + bL Cos@θns@tDD Ha + bL Cos@θs@tDD 1 0 0
0 0 0 1 0
Ha + bL Sin@θns@tDD −Ha + bL Sin@θs@tDD 0 0 1

y

{

zzzzzzz
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MatrixForm@nFT = Join@−Transpose@FD, 880, 0, 0<, 80, 0, 0<, 80, 0, 0<<DD
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k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

Ha + bL Cos@θns@tDD 0 −Ha + bL Sin@θns@tDD
−Ha + bL Cos@θs@tDD 0 Ha + bL Sin@θs@tDD
−1 0 0
0 −1 0
0 0 −1
0 0 0
0 0 0
0 0 0

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

MatrixForm@FullMatrix = Transpose@Join@Transpose@Join@Mmatrix, FDD, Transpose@nFTDDDD

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

b2 m −b Ha + bL m Cos@θns@tD − θs@tDD −b m Cos@θns@tDD
−b Ha + bL m Cos@θns@tD − θs@tDD H2 a2 + 2 a b + b2L m + Ha + bL2 M Hb Hm + ML + a H2 m + MLL Co
−b m Cos@θns@tDD Hb Hm + ML + a H2 m + MLL Cos@θs@tDD 2 m + M
0 0 0
b m Sin@θns@tDD H−b Hm + ML − a H2 m + MLL Sin@θs@tDD 0
−Ha + bL Cos@θns@tDD Ha + bL Cos@θs@tDD 1
0 0 0
Ha + bL Sin@θns@tDD −Ha + bL Sin@θs@tDD 0

MatrixForm@DMatrix = Join@Mmatrix.8θns'@tD, θs'@tD, 0, 0, 0<, 80, 0, 0<DD
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k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

b2 m θns @tD − b Ha + bL m Cos@θns@tD − θs@tDD θs @tD
−b Ha + bL m Cos@θns@tD − θs@tDD θns @tD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML θs @tD
−b m Cos@θns@tDD θns @tD + Hb Hm + ML + a H2 m + MLL Cos@θs@tDD θs @tD
0
b m Sin@θns@tDD θns @tD + H−b Hm + ML − a H2 m + MLL Sin@θs@tDD θs @tD
0
0
0

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

K = Inverse@FullMatrixD.DMatrix;

plasticimpact = 8FullSimplify@K@@2DDD, FullSimplify@K@@1DDD<

9−H2 a b Ha + bL m Cos@θns@tD − θs@tDD θns @tD +
H2 a3 m + Ha − bL Ha + bL2 M − Ha + bL2 H2 a m + Ha + bL ML Cos@2 Hθns@tD − θs@tDLDL θs @tDLê

Hb HH3 a2 + 2 a b + b2L m + 2 Ha + bL2 M − Ha + bL2 m Cos@2 Hθns@tD − θs@tDLDLL,
2 H−a b m θns @tD + Ha + bL Hb M + a Hm + MLL Cos@θns@tD − θs@tDD θs @tDL
H3 a2 + 2 a b + b2L m + 2 Ha + bL2 M − Ha + bL2 m Cos@2 Hθns@tD − θs@tDLD =

ü Compared to the angular conservation impact equations...

angconsimpact

9−Ha b Ha + bL m Cos@θns@tD − θs@tDD θns @tD +
Ha3 m + a Ha + bL2 Hm + ML − Ha + bL2 H2 a m + Ha + bL ML Cos@θns@tD − θs@tDD2L θs @tDLê

Hb Ha2 m + Ha + bL2 Hm + ML − Ha + bL2 m Cos@θns@tD − θs@tDD2LL,
2 H−a b m θns @tD + Ha + bL Hb M + a Hm + MLL Cos@θns@tD − θs@tDD θs @tDL

2 a2 m + Ha + bL2 Hm + 2 ML − Ha + bL2 m Cos@2 Hθns@tD − θs@tDLD =
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ü The two methods ARE equivalent:

plasticimpact == angconsimpact êê FullSimplify

True
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