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Energy Equations

l = a + b; vectH = l Sin@φs@tDD 8−Sin@θs@tDD, Cos@θs@tDD, 0< θs'@tD +

l 8Cos@θs@tDD Cos@φs@tDD, Sin@θs@tDD Cos@φs@tDD, −Sin@φs@tDD< φs'@tD;
vectS = a Sin@φs@tDD 8−Sin@θs@tDD, Cos@θs@tDD, 0< θs'@tD +

a 8Cos@θs@tDD Cos@φs@tDD, Sin@θs@tDD Cos@φs@tDD, −Sin@φs@tDD< φs'@tD;
absVectH = FullSimplify@Norm@vectHD, 8θs@tD ∈ Reals, φs@tD ∈ Reals,

θs'@tD ∈ Reals, φs'@tD ∈ Reals, a ∈ Reals, b ∈ Reals<D
absVectS = FullSimplify@Norm@vectSD, 8θs@tD ∈ Reals, φs@tD ∈ Reals, θs'@tD ∈ Reals, φs'@tD ∈ Reals, a ∈ Reals<D

Abs@a + bD "####################################################################Sin@φs@tDD2 θs @tD2 + φs @tD2

Abs@aD "####################################################################Sin@φs@tDD2 θs @tD2 + φs @tD2
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vectNS = D@8l Cos@θs@tDD Sin@φs@tDD − b Cos@θns@tDD Sin@φns@tDD,
l Sin@θs@tDD Sin@φs@tDD − b Sin@θns@tDD Sin@φns@tDD, l Cos@φs@tDD − b Cos@φns@tDD<, tD;

absVectNS = FullSimplify@Norm@vectNSD, 8vectNS ∈ Reals<D
,HHb Sin@θns@tDD Sin@φns@tDD θns @tD − Ha + bL Sin@θs@tDD Sin@φs@tDD θs @tD −

b Cos@θns@tDD Cos@φns@tDD φns @tD + Ha + bL Cos@θs@tDD Cos@φs@tDD φs @tDL2 +

Hb Cos@θns@tDD Sin@φns@tDD θns @tD − Ha + bL Cos@θs@tDD Sin@φs@tDD θs @tD + b Cos@φns@tDD Sin@θns@tDD φns @tD −

Ha + bL Cos@φs@tDD Sin@θs@tDD φs @tDL2 + Hb Sin@φns@tDD φns @tD − Ha + bL Sin@φs@tDD φs @tDL2L

U = m g a Cos@φs@tDD + HM + mL g l Cos@φs@tDD − m g b Cos@φns@tDD;
K = FullSimplify@1ê 2 M Power@absVectH, 2D + 1ê2 m Power@absVectS, 2D + 1ê2 m Power@absVectNS, 2D,
8θs@tD ∈ Reals, φs@tD ∈ Reals, θns@tD ∈ Reals, φns@tD ∈ Reals, θs'@tD ∈ Reals,

φs'@tD ∈ Reals, θns'@tD ∈ Reals, φns'@tD ∈ Reals, a ∈ Reals, b ∈ Reals, m ∈ Reals, M ∈ Reals<D

1
2
Ha2 m HSin@φs@tDD2 θs @tD2 + φs @tD2L + Ha + bL2 M HSin@φs@tDD2 θs @tD2 + φs @tD2L +

m HHb Sin@θns@tDD Sin@φns@tDD θns @tD − Ha + bL Sin@θs@tDD Sin@φs@tDD θs @tD −

b Cos@θns@tDD Cos@φns@tDD φns @tD + Ha + bL Cos@θs@tDD Cos@φs@tDD φs @tDL2 +

Hb Cos@θns@tDD Sin@φns@tDD θns @tD − Ha + bL Cos@θs@tDD Sin@φs@tDD θs @tD + b Cos@φns@tDD Sin@θns@tDD φns @tD −

Ha + bL Cos@φs@tDD Sin@θs@tDD φs @tDL2 + Hb Sin@φns@tDD φns @tD − Ha + bL Sin@φs@tDD φs @tDL2LL

Lagrangian Formulation

L = K − U

b g m Cos@φns@tDD − a g m Cos@φs@tDD − Ha + bL g Hm + ML Cos@φs@tDD +
1
2
Ha2 m HSin@φs@tDD2 θs @tD2 + φs @tD2L + Ha + bL2 M HSin@φs@tDD2 θs @tD2 + φs @tD2L +

m HHb Sin@θns@tDD Sin@φns@tDD θns @tD − Ha + bL Sin@θs@tDD Sin@φs@tDD θs @tD −

b Cos@θns@tDD Cos@φns@tDD φns @tD + Ha + bL Cos@θs@tDD Cos@φs@tDD φs @tDL2 +

Hb Cos@θns@tDD Sin@φns@tDD θns @tD − Ha + bL Cos@θs@tDD Sin@φs@tDD θs @tD + b Cos@φns@tDD Sin@θns@tDD φns @tD −

Ha + bL Cos@φs@tDD Sin@θs@tDD φs @tDL2 + Hb Sin@φns@tDD φns @tD − Ha + bL Sin@φs@tDD φs @tDL2LL
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ü The following shows that this Lagrangian accurately simplifies to the previously derived 2D model by 
constraining this model to two dimensions:

FullSimplify@L ê. 8θs@tD → Piê2, θns@tD → Piê2, θs'@tD → 0, θns'@tD → 0<D
1
2
H2 b g m Cos@φns@tDD − 2 g HH2 a + bL m + Ha + bL ML Cos@φs@tDD + b2 m φns @tD2 −

2 b Ha + bL m Cos@φns@tD − φs@tDD φns @tD φs @tD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML φs @tD2L

Equations of Motion

Ldθns = D@L, θns@tDD; Ldφns = D@L, φns@tDD; Ldθs = D@L, θs@tDD; Ldφs = D@L, φs@tDD; Ldθnsdot = D@L, θns'@tDD;
Ldθnsdotdt = D@Ldθnsdot, tD; Ldφnsdot = D@L, φns'@tDD; Ldφnsdotdt = D@Ldφnsdot, tD;
Ldθsdot = D@L, θs'@tDD; Ldθsdotdt = D@Ldθsdot, tD; Ldφsdot = D@L, φs'@tDD; Ldφsdotdt = D@Ldφsdot, tD;

FullSimplify@Ldφnsdotdt − Ldφns 0D
FullSimplify@Ldφsdotdt − Ldφs 0D
FullSimplify@Ldθnsdotdt − Ldθns 0D
FullSimplify@Ldθsdotdt − Ldθs 0D

b m Hb Sin@2 φns@tDD θns @tD2 − 2 Hg Sin@φns@tDD + b φns @tDL +

2 Ha + bL Cos@φs@tDD H2 Cos@φns@tDD Sin@θns@tD − θs@tDD θs @tD φs @tD +

Sin@φns@tDD φs @tD2 + Cos@θns@tD − θs@tDD Cos@φns@tDD φs @tDL + 2 Ha + bL Sin@φs@tDD
HCos@φns@tDD H−Cos@θns@tD − θs@tDD Hθs @tD2 + φs @tD2L + Sin@θns@tD − θs@tDD θs @tDL + Sin@φns@tDD φs @tDLL 0

2 g Hb Hm + ML + a H2 m + MLL Sin@φs@tDD + 2 b Ha + bL m Sin@φns@tDD
HCos@φs@tDD H−Cos@θns@tD − θs@tDD Hθns @tD2 + φns @tD2L − Sin@θns@tD − θs@tDD θns @tDL + Sin@φs@tDD φns @tDL + 2 b Ha + bL
m Cos@φns@tDD HSin@φs@tDD φns @tD2 + Cos@φs@tDD H−2 Sin@θns@tD − θs@tDD θns @tD φns @tD + Cos@θns@tD − θs@tDD φns @tDLL +

HH2 a2 + 2 a b + b2L m + Ha + bL2 ML HSin@2 φs@tDD θs @tD2 − 2 φs @tDL 0

b m Sin@φns@tDD Hb H2 Cos@φns@tDD θns @tD φns @tD + Sin@φns@tDD θns @tDL +

Ha + bL Sin@φs@tDD H−Sin@θns@tD − θs@tDD Hθs @tD2 + φs @tD2L − Cos@θns@tD − θs@tDD θs @tDL −

Ha + bL Cos@φs@tDD H2 Cos@θns@tD − θs@tDD θs @tD φs @tD − Sin@θns@tD − θs@tDD φs @tDLL 0

Sin@φs@tDD Hb Ha + bL m Sin@φns@tDD HSin@θns@tD − θs@tDD Hθns @tD2 + φns @tD2L − Cos@θns@tD − θs@tDD θns @tDL +

HH2 a2 + 2 a b + b2L m + Ha + bL2 ML H2 Cos@φs@tDD θs @tD φs @tD + Sin@φs@tDD θs @tDL −

b Ha + bL m Cos@φns@tDD H2 Cos@θns@tD − θs@tDD θns @tD φns @tD + Sin@θns@tD − θs@tDD φns @tDLL 0
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ü Generalized model

M@θD θ  + F@θ, θ D θ + q@θD = 0

where, θ =

i

k

jjjjjjjjjjjj

φns@tD
φs@tD
θns@tD
θs@tD

y

{

zzzzzzzzzzzz

M@φns@tD, φs@tD, θns@tD, θs@tDD :=

88b2 m, −b Ha + bL m HCos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD + Sin@φns@tDD Sin@φs@tDDL,
0, −b Ha + bL m Cos@φns@tDD Sin@θns@tD − θs@tDD Sin@φs@tDD<,
8−b Ha + bL m HCos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD + Sin@φns@tDD Sin@φs@tDDL,
HH2 a2 + 2 a b + b2L m + Ha + bL2 ML, b Ha + bL m Cos@φs@tDD Sin@θns@tD − θs@tDD Sin@φns@tDD, 0<,
80, b Ha + bL m Cos@φs@tDD Sin@θns@tD − θs@tDD Sin@φns@tDD, b2 m Sin@φns@tDD2,

−b Ha + bL m Cos@θns@tD − θs@tDD Sin@φns@tDD Sin@φs@tDD<,
8−b Ha + bL m Cos@φns@tDD Sin@θns@tD − θs@tDD Sin@φs@tDD, 0, −b Ha + bL m Cos@θns@tD − θs@tDD Sin@φns@tDD Sin@φs@tDD,
HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2<<

F@φns@tD, φs@tD, θns@tD, θs@tD, φns'@tD, φs'@tD, θns'@tD, θs'@tDD :=

990, b Ha + bL m HCos@θns@tD − θs@tDD Cos@φns@tDD Sin@φs@tDD φs @tD −

Cos@φs@tDD HCos@φns@tDD Sin@θns@tD − θs@tDD θs @tD + Sin@φns@tDD φs @tDLL, −
1

2
b2 m Sin@2 φns@tDD θns @tD,

b Ha + bL m Cos@φns@tDD HCos@θns@tD − θs@tDD Sin@φs@tDD θs @tD − Cos@φs@tDD Sin@θns@tD − θs@tDD φs @tDL=,

9b Ha + bL m HCos@φns@tDD Cos@φs@tDD Sin@θns@tD − θs@tDD θns @tD +

HCos@θns@tD − θs@tDD Cos@φs@tDD Sin@φns@tDD − Cos@φns@tDD Sin@φs@tDDL φns @tDL, 0,
b Ha + bL m Cos@φs@tDD HCos@θns@tD − θs@tDD Sin@φns@tDD θns @tD + Cos@φns@tDD Sin@θns@tD − θs@tDD φns @tDL,

−
1

2
HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@2 φs@tDD θs @tD=,

8b2 m Cos@φns@tDD Sin@φns@tDD θns @tD, −b Ha + bL m Sin@φns@tDD
HCos@θns@tD − θs@tDD Cos@φs@tDD θs @tD + Sin@θns@tD − θs@tDD Sin@φs@tDD φs @tDL, b2 m Cos@φns@tDD Sin@φns@tDD φns @tD,

−b Ha + bL m Sin@φns@tDD HSin@θns@tD − θs@tDD Sin@φs@tDD θs @tD + Cos@θns@tD − θs@tDD Cos@φs@tDD φs @tDL<,
8−b Ha + bL m Sin@φs@tDD HCos@θns@tD − θs@tDD Cos@φns@tDD θns @tD − Sin@θns@tD − θs@tDD Sin@φns@tDD φns @tDL,
HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Cos@φs@tDD Sin@φs@tDD θs @tD,
−b Ha + bL m Sin@φs@tDD H−Sin@θns@tD − θs@tDD Sin@φns@tDD θns @tD + Cos@θns@tD − θs@tDD Cos@φns@tDD φns @tDL,
HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Cos@φs@tDD Sin@φs@tDD φs @tD<=

g@φns@tD, φs@tD, θns@tD, θs@tDD := 8b g m Sin@φns@tDD, −g Hb Hm + ML + a H2 m + MLL Sin@φs@tDD, 0, 0<
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ü Normalized form (m = M/m, b = b/a)

m a2 i
k
jjjjM@θD θ  + F@θ, θ D θ +

1
a

q@θDN = 0

where, θ =

i

k

jjjjjjjjjjjj

φns@tD
φs@tD
θns@tD
θs@tD

y

{

zzzzzzzzzzzz

M11 := β2;
M12 := −Hβ + 1L β HCos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD + Sin@φns@tDD Sin@φs@tDDL;
M13 := 0;
M14 := −Hβ + 1L β Cos@φns@tDD Sin@θns@tD − θs@tDD Sin@φs@tDD;
M21 := −Hβ + 1L β HCos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD + Sin@φns@tDD Sin@φs@tDDL;
M22 := HH1 + βL2 Hμ + 1L + 1L;
M23 := Hβ + 1L β Cos@φs@tDD Sin@θns@tD − θs@tDD Sin@φns@tDD;
M24 := 0; M31 = 0;
M32 := Hβ + 1L β Cos@φs@tDD Sin@θns@tD − θs@tDD Sin@φns@tDD;
M33 := β2 Sin@φns@tDD2;
M34 := −Hβ + 1L β Cos@θns@tD − θs@tDD Sin@φns@tDD Sin@φs@tDD;
M41 := −Hβ + 1L β Cos@φns@tDD Sin@θns@tD − θs@tDD Sin@φs@tDD;
M42 := 0;
M43 := −Hβ + 1L β Cos@θns@tD − θs@tDD Sin@φns@tDD Sin@φs@tDD;
M44 := HH1 + βL2 Hμ + 1L + 1 L Sin@φs@tDD2;

F11 := 0;
F12 := Hβ + 1L β HCos@θns@tD − θs@tDD Cos@φns@tDD Sin@φs@tDD φs @tD −

Cos@φs@tDD HCos@φns@tDD Sin@θns@tD − θs@tDD θs @tD + Sin@φns@tDD φs @tDLL;

F13 := −
1

2
β2 Sin@2 φns@tDD θns @tD;

F14 := Hβ + 1L β Cos@φns@tDD HCos@θns@tD − θs@tDD Sin@φs@tDD θs @tD − Cos@φs@tDD Sin@θns@tD − θs@tDD φs @tDL;
F21 := HHβ + 1L β HCos@φns@tDD Cos@φs@tDD Sin@θns@tD − θs@tDD θns @tD +

HCos@θns@tD − θs@tDD Cos@φs@tDD Sin@φns@tDD − Cos@φns@tDD Sin@φs@tDDL φns @tDLL;
F22 := 0;
F23 := Hβ + 1L β Cos@φs@tDD HCos@θns@tD − θs@tDD Sin@φns@tDD θns @tD + Cos@φns@tDD Sin@θns@tD − θs@tDD φns @tDL;

F24 := −
1

2
HH1 + βL2 Hμ + 1L + 1 L Sin@2 φs@tDD θs @tD;
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F31 := β2 Cos@φns@tDD Sin@φns@tDD θns @tD;
F32 := −Hβ + 1L β Sin@φns@tDD HCos@θns@tD − θs@tDD Cos@φs@tDD θs @tD + Sin@θns@tD − θs@tDD Sin@φs@tDD φs @tDL;
F33 := β2 Cos@φns@tDD Sin@φns@tDD φns @tD;
F34 := −Hβ + 1L β Sin@φns@tDD HSin@θns@tD − θs@tDD Sin@φs@tDD θs @tD + Cos@θns@tD − θs@tDD Cos@φs@tDD φs @tDL;
F41 := −Hβ + 1L β Sin@φs@tDD HCos@θns@tD − θs@tDD Cos@φns@tDD θns @tD − Sin@θns@tD − θs@tDD Sin@φns@tDD φns @tDL;
F42 := HH1 + βL2 Hμ + 1L + 1 L Cos@φs@tDD Sin@φs@tDD θs @tD;
F43 := −Hβ + 1L β Sin@φs@tDD H−Sin@θns@tD − θs@tDD Sin@φns@tDD θns @tD + Cos@θns@tD − θs@tDD Cos@φns@tDD φns @tDL;
F44 := HH1 + βL2 Hμ + 1L + 1 L Cos@φs@tDD Sin@φs@tDD φs @tD;

M@φns@tD, φs@tD, θns@tD, θs@tDD :=

88M11, M12, M13, M14<, 8M21, M22, M23, M24<, 8M31, M32, M33, M34<, 8M41, M42, M43, M44<<;
F@φns@tD, φs@tD, θns@tD, θs@tD, φns'@tD, φs'@tD, θns'@tD, θs'@tDD :=

88F11, F12, F13, F14<, 8F21, F22, F23, F24<, 8F31, F32, F33, F34<, 8F41, F42, F43, F44<<;

q@φns@tD, φs@tD, θns@tD, θs@tDD := 8β g Sin@φns@tDD, −g HHβ + 1L Hμ + 1L + 1L Sin@φs@tDD, 0, 0<;

Testing Correctness

ü Testing equivalence of the above matrix-form equations of motion:
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Zeroed = FullSimplifyAM@φns@tD, φs@tD, θns@tD, θs@tDD.8φns''@tD, φs''@tD, θns''@tD, θs''@tD< +

F@φns@tD, φs@tD, θns@tD, θs@tD, φns'@tD, φs'@tD, θns'@tD, θs'@tDD.8φns'@tD, φs'@tD, θns'@tD, θs'@tD< +
1

a
q@φns@tD, φs@tD, θns@tD, θs@tDD ê. 8μ → M ê m, β → bêa<E;

FullSimplifyAm a2 Zeroed

9−
1

2
b m Hb Sin@2 φns@tDD θns @tD2 − 2 Hg Sin@φns@tDD + b φns @tDL + 2 Ha + bL Cos@φs@tDD H2 Cos@φns@tDD Sin@θns@tD − θs@tDD

θs @tD φs @tD + Sin@φns@tDD φs @tD2 + Cos@θns@tD − θs@tDD Cos@φns@tDD φs @tDL + 2 Ha + bL Sin@φs@tDD
HCos@φns@tDD H−Cos@θns@tD − θs@tDD Hθs @tD2 + φs @tD2L + Sin@θns@tD − θs@tDD θs @tDL + Sin@φns@tDD φs @tDLL,

−g Hb Hm + ML + a H2 m + MLL Sin@φs@tDD − b Ha + bL m Sin@φns@tDD
HCos@φs@tDD H−Cos@θns@tD − θs@tDD Hθns @tD2 + φns @tD2L − Sin@θns@tD − θs@tDD θns @tDL + Sin@φs@tDD φns @tDL − b
Ha + bL m Cos@φns@tDD
HSin@φs@tDD φns @tD2 + Cos@φs@tDD H−2 Sin@θns@tD − θs@tDD θns @tD φns @tD + Cos@θns@tD − θs@tDD φns @tDLL −

1

2
HH2 a2 + 2 a b + b2L m + Ha + bL2 ML HSin@2 φs@tDD θs @tD2 − 2 φs @tDL,

b m Sin@φns@tDD Hb H2 Cos@φns@tDD θns @tD φns @tD + Sin@φns@tDD θns @tDL +

Ha + bL Sin@φs@tDD H−Sin@θns@tD − θs@tDD Hθs @tD2 + φs @tD2L − Cos@θns@tD − θs@tDD θs @tDL −

Ha + bL Cos@φs@tDD H2 Cos@θns@tD − θs@tDD θs @tD φs @tD − Sin@θns@tD − θs@tDD φs @tDLL,
Sin@φs@tDD Hb Ha + bL m Sin@φns@tDD HSin@θns@tD − θs@tDD Hθns @tD2 + φns @tD2L − Cos@θns@tD − θs@tDD θns @tDL +

HH2 a2 + 2 a b + b2L m + Ha + bL2 ML H2 Cos@φs@tDD θs @tD φs @tD + Sin@φs@tDD θs @tDL −

b Ha + bL m Cos@φns@tDD H2 Cos@θns@tD − θs@tDD θns @tD φns @tD + Sin@θns@tD − θs@tDD φns @tDLL=E

True

ü Testing correctness by fixing model in two dimensions, setting qns[t] Æ Pi/2, qs[t] Æ Pi/2:

MatrixForm@FullSimplify@M@φns@tD, φs@tD, θns@tD, θs@tDD ê. 8θns@tD → Piê2, θs@tD → Piê2<DD

i

k

jjjjjjjjjjjjjjj

β2 −β H1 + βL Cos@φns@tD − φs@tDD 0 0

−β H1 + βL Cos@φns@tD − φs@tDD 1 + H1 + βL2 H1 + μL 0 0

0 0 β2 Sin@φns@tDD2 −β H1 + βL Sin@φns@tDD Sin

0 0 −β H1 + βL Sin@φns@tDD Sin@φs@tDD H1 + H1 + βL2 H1 + μLL Sin@φ

We see in the above simplified matrix that the top-left 2x2 submatrix is exactly the same as Goswami's.  Only this 2x2 matrix matters because M is multiplied
by the second order angle vector, and the q terms are all zero.
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MatrixForm@FullSimplify@F@φns@tD, φs@tD, θns@tD, θs@tD, φns'@tD, φs'@tD, θns'@tD, θs'@tDD ê.
8θns@tD → Piê2, θs@tD → Piê2, θns'@tD → 0, θs'@tD → 0<DD

i

k

jjjjjjjjjjjjj

0 −β H1 + βL Sin@φns@tD − φs@tDD φs @tD 0 0
β H1 + βL Sin@φns@tD − φs@tDD φns @tD 0 0 0
0 0 β2 Cos@φns@tDD Sin@φns@tDD φns @tD −β H1

0 0 −β H1 + βL Cos@φns@tDD Sin@φs@tDD φns @tD H1 +

Similarly, the above simplified top-left submatrix is the same as Goswami's.

MatrixForm@q@φns@tD, φs@tD, θns@tD, θs@tDDD

i

k

jjjjjjjjjjjj

g β Sin@φns@tDD
−g H1 + H1 + βL H1 + μLL Sin@φs@tDD
0
0

y

{

zzzzzzzzzzzz

Clearly, the potential remains the same since it is independent of the q terms.  Thus, all the matrices simplify to the 2D model when fixed in two dimensions.

Simplification investigations

ü Fix the angle (2 a) between the legs:

FullSimplify@L ê. 8φs@tD → 2 α + φns@tD, φs'@tD → φns'@tD<D
1
2
H2 b g m Cos@φns@tDD − 2 g HH2 a + bL m + Ha + bL ML Cos@2 α + φns@tDD +

b2 m Sin@φns@tDD2 θns @tD2 + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@2 α + φns@tDD2 θs @tD2 −

2 b Ha + bL m Cos@φns@tDD Sin@θns@tD − θs@tDD Sin@2 α + φns@tDD θs @tD φns @tD + H2 Ha2 + a b + b2L m + Ha + bL2 M −

2 b Ha + bL m HCos@θns@tD − θs@tDD Cos@φns@tDD Cos@2 α + φns@tDD + Sin@φns@tDD Sin@2 α + φns@tDDLL φns @tD2 + 2 b Ha + bL m
Sin@φns@tDD θns @tD H−Cos@θns@tD − θs@tDD Sin@2 α + φns@tDD θs @tD + Cos@2 α + φns@tDD Sin@θns@tD − θs@tDD φns @tDLL

This results in one cyclic variable, fs[t]; L is in terms of fns[t], qns[t] , qs[t], fns'[t], qns'[t] , qs'[t].
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Take the limit as
M

m
approaches infinity :

MatrixForm@FullSimplify@8M@φns@tD, φs@tD, θns@tD , θs@tDD@@1DD, Expand@M@φns@tD, φs@tD, θns@tD , θs@tDD@@2DDê μD,
M@φns@tD, φs@tD, θns@tD , θs@tDD@@3DD, Expand@M@φns@tD, φs@tD, θns@tD , θs@tDD@@4DDêμD< ê. μ → ∞DD

i

k

jjjjjjjjjjjjjjj

β2 −β H1 + βL HCos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD + Sin@φns@tDD Sin@φs@tDDL 0 −β H1 + βL Cos@φns@t

0 H1 + βL2 0 0

0 β H1 + βL Cos@φs@tDD Sin@θns@tD − θs@tDD Sin@φns@tDD β2 Sin@φns@tDD2 −β H1 + βL Cos@θns@t

0 0 0 H1 + βL2 Sin@φs@tDD

This results in no cyclic variables, so the above approach does not offer a significant simplification of the model.

Take the limit as
b

a
approaches infinity :

MatrixForm@FullSimplify@Expand@HM@φns@tD, φs@tD, θns@tD , θs@tDDêβ^2LD ê. β → ∞DD

i

k

jjjjjjjjjjjjjj

1 −Cos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD − Sin@
−Cos@θns@tD − θs@tDD Cos@φns@tDD Cos@φs@tDD − Sin@φns@tDD Sin@φs@tDD 1 + μ

0 Cos@φs@tDD Sin@θns@tD − θs@tDD Sin@φns@tDD
−Cos@φns@tDD Sin@θns@tD − θs@tDD Sin@φs@tDD 0

This results in no cyclic variables, so the above approach does not offer a significant simplification of the model

ü Set qns[t] equal to qs[t] (the x-y plane angles are equal):

Msimple@φns@tD, φs@tD, θns@tD , θs@tDD = FullSimplify@M@φns@tD, φs@tD, θns@tD , θs@tDD ê. 8θns@tD − θs@tD → 0<D;
MatrixForm@Msimple@φns@tD, φs@tD, θns@tD , θs@tDDD

i

k

jjjjjjjjjjjjjjj

β2 −β H1 + βL Cos@φns@tD − φs@tDD 0 0

−β H1 + βL Cos@φns@tD − φs@tDD 1 + H1 + βL2 H1 + μL 0 0

0 0 β2 Sin@φns@tDD2 −β H1 + βL Sin@φns@tDD Sin

0 0 −β H1 + βL Sin@φns@tDD Sin@φs@tDD H1 + H1 + βL2 H1 + μLL Sin@φ
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MatrixForm@q@φns@tD, φs@tD, θns@tD , θs@tDDD

i

k

jjjjjjjjjjjj

g β Sin@φns@tDD
−g H1 + H1 + βL H1 + μLL Sin@φs@tDD
0
0

y

{

zzzzzzzzzzzz

This results in two cyclic variables, qns[t] and qs[t].

Using the formula (remember that the generalized system is normalized, so include all terms):

L Hq, q 'L =
1
2

q 'T.Hm a2 M  HqLL.q ' − U HqL =
1
2

m a2 Hq 'T. M  HqL.q 'L − U HqL

where g(q) = gradient(U(q)), thus 

U HqL =

Integrate@−m a g H1 + H1 + βL H1 + μLL Sin@φs@tDD, φs@tDD + Integrate@m a g β Sin@φns@tDD, φns@tDD

... we get the following Lagrangian in terms of fns[t], fs[t], fns'[t], fs'[t], qs'[t]:

Lsimple@φns@tD, φs@tD, φns'@tD, φs'@tD, θs'@tDD =

FullSimplifyA 1

2
m a2 H8φns'@tD, φs'@tD, θns'@tD , θs'@tD<. Msimple@φns@tD, φs@tD, θns@tD , θs@tDD.

8φns'@tD, φs'@tD, θns'@tD , θs'@tD<L − U ê. 8μ → M ê m, β → bêa, θns'@tD → θs'@tD<E

b g m Cos@φns@tDD − g Hb Hm + ML + a H2 m + MLL Cos@φs@tDD +
1
2
HHb2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2L θs @tD2 +

b2 m φns @tD2 − 2 b Ha + bL m Cos@φns@tD − φs@tDD φns @tD φs @tD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML φs @tD2L

Reduced 3D Model

ü Routhian Formulation

Routhian = L@φ, φ', θ'D − c θ'

where φ = J φns@tD
φs@tD N, θ' = c êm2@φD
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M1@φns@tD, φs@tDD :=

88b2 m, −b Ha + bL m Cos@φns@tD − φs@tDD<, 8−b Ha + bL m Cos@φns@tD − φs@tDD, H2 a2 + 2 a b + b2L m + Ha + bL2 M<<
M2@φns@tD, φs@tDD := 88b2 m Sin@φns@tDD2, −b Ha + bL m Sin@φns@tDD Sin@φs@tDD<,
8−b Ha + bL m Sin@φns@tDD Sin@φs@tDD, HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2<<

φ@tD = 88φns@tD<, 8φs@tD<<;
θ@tD = 88θns@tD<, 8θs@tD<<;
m2@φns@tD, φs@tDD =

FullSimplify@First@First@Transpose@θ@tDD.M2@φns@tD, φs@tDD.θ@tD ê. 8θns@tD → θs@tD<DDê θs@tD2D;
θdot = c ê m2@φns@tD, φs@tDD

c
b2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2

R = FullSimplify@Lsimple@φns@tD, φs@tD, φns'@tD, φs'@tD, θs'@tDD − c θs'@tD ê. θs'@tD → θdotD

1
2
i
k
jj2 b g m Cos@φns@tDD − 2 g HH2 a + bL m + Ha + bL ML Cos@φs@tDD −

c2

b2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2 +

b2 m φns @tD2 − 2 b Ha + bL m Cos@φns@tD − φs@tDD φns @tD φs @tD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML φs @tD2y
{
zz

ü Equations of Motion

Rdφns = D@R, φns@tDD; Rdφs = D@R, φs@tDD; Rdφnsdot = D@R, φns'@tDD;
Rdφnsdotdt = D@Rdφnsdot, tD; Rdφsdot = D@R, φs'@tDD; Rdφsdotdt = D@Rdφsdot, tD;
FullSimplify@Rdφnsdotdt − Rdφns 0D
FullSimplify@Rdφsdotdt − Rdφs 0D

b m
i
k
jjjjg Sin@φns@tDD +

c2 Cos@φns@tDD H−b Sin@φns@tDD + Ha + bL Sin@φs@tDDL
Hb2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2L2 −

Ha + bL Sin@φns@tD − φs@tDD φs @tD2 + b φns @tD − Ha + bL Cos@φns@tD − φs@tDD φs @tDy
{
zzzz 0

b Ha + bL m Sin@φns@tD − φs@tDD φns @tD2 + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML φs @tD g Hb Hm + ML + a H2 m + MLL Sin@φs@tDD +

c2 Cos@φs@tDD H−b Ha + bL m Sin@φns@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDDL
Hb2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2L2 +

b Ha + bL m Cos@φns@tD − φs@tDD φns @tD
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ü Generalized/Normalized Model (b = b/a, m = M/m):

m a2 i
k
jjjjM@φD φ  + F@φ, φ D φ +

1
a

q@φD +
1

m2 a4 aug@φDN = 0

where, φ = J φns@tD
φs@tD N

Mreduced@φns@tD, φs@tDD := 88β2, −β H1 + βL Cos@φns@tD − φs@tDD<, 8−β H1 + βL Cos@φns@tD − φs@tDD, 1 + H1 + βL2 H1 + μL<<
MatrixForm@Mreduced@φns@tD, φs@tDDD

i
k
jjj β2 −β H1 + βL Cos@φns@tD − φs@tDD

−β H1 + βL Cos@φns@tD − φs@tDD 1 + H1 + βL2 H1 + μL
y
{
zzz

Freduced@φns@tD, φs@tD, φns'@tD, φs'@tDD :=

880, −β H1 + βL Sin@φns@tD − φs@tDD φs @tD<, 8β H1 + βL Sin@φns@tD − φs@tDD φns @tD, 0<<
MatrixForm@Freduced@φns@tD, φs@tD, φns'@tD, φs'@tDDD

J 0 −β H1 + βL Sin@φns@tD − φs@tDD φs @tD
β H1 + βL Sin@φns@tD − φs@tDD φns @tD 0

N

qreduced@φns@tD, φs@tDD := 8g β Sin@φns@tDD, −g H1 + H1 + βL H1 + μLL Sin@φs@tDD<
MatrixForm@qreduced@φns@tD, φs@tDDD

J g β Sin@φns@tDD
−g H1 + H1 + βL H1 + μLL Sin@φs@tDD N

aug@φns@tD, φs@tDD := 9 c2 β Cos@φns@tDD H−β Sin@φns@tDD + H1 + βL Sin@φs@tDDL
Hβ2 Sin@φns@tDD2 − 2 Hβ + 1L β Sin@φns@tDD Sin@φs@tDD + HH1 + βL2 Hμ + 1L + 1L Sin@φs@tDD2L2

,

c2 Cos@φs@tDD HHβ + 1L β Sin@φns@tDD − HH1 + βL2 Hμ + 1L + 1L Sin@φs@tDDL
Hβ2 Sin@φns@tDD2 − 2 Hβ + 1L β Sin@φns@tDD Sin@φs@tDD + HH1 + βL2 Hμ + 1L + 1L Sin@φs@tDD2L2

=

MatrixForm@aug@φns@tD, φs@tDDD

i

k

jjjjjjjj

c2 β Cos@φns@tDD H−β Sin@φns@tDD+H1+βL Sin@φs@tDDL
Hβ2 Sin@φns@tDD2−2 β H1+βL Sin@φns@tDD Sin@φs@tDD+H1+H1+βL2 H1+μLL Sin@φs@tDD2L2

c2 Cos@φs@tDD Hβ H1+βL Sin@φns@tDD−H1+H1+βL2 H1+μLL Sin@φs@tDDL
Hβ2 Sin@φns@tDD2−2 β H1+βL Sin@φns@tDD Sin@φs@tDD+H1+H1+βL2 H1+μLL Sin@φs@tDD2L2

y

{

zzzzzzzz
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ü Testing equivalence of the above matrix-form equations of motion:

Zeroed = FullSimplifyA
Mreduced@φns@tD, φs@tDD.8φns''@tD, φs''@tD< + Freduced@φns@tD, φs@tD, φns'@tD, φs'@tDD.8φns'@tD, φs'@tD< +

1

a
qreduced@φns@tD, φs@tDD +

1

m2 a4
aug@φns@tD, φs@tDD ê. 8μ → M ê m, β → bêa<E;

FullSimplifyAm a2 Zeroed 9b m
i
k
jjjjjg Sin@φns@tDD +

c2 Cos@φns@tDD H−b Sin@φns@tDD + Ha + bL Sin@φs@tDDL
Hb2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2L2

−

Ha + bL Sin@φns@tD − φs@tDD φs @tD2 + b φns @tD − Ha + bL Cos@φns@tD − φs@tDD φs @tD
y
{
zzzzz,

b Ha + bL m Sin@φns@tD − φs@tDD φns @tD2 + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML φs @tD − g Hb Hm + ML + a H2 m + MLL Sin@φs@tDD −

c2 Cos@φs@tDD H−b Ha + bL m Sin@φns@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDDL
Hb2 m Sin@φns@tDD2 − 2 b Ha + bL m Sin@φns@tDD Sin@φs@tDD + HH2 a2 + 2 a b + b2L m + Ha + bL2 ML Sin@φs@tDD2L2

−

b Ha + bL m Cos@φns@tD − φs@tDD φns @tD=E

True
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ü ODE Form (x'[t] = f(x[t]))

MredInv@φns@tD, φs@tDD = Inverse@Mreduced@φns@tD, φs@tDDD;

SimplifyA−MredInv@φns@tD, φs@tDD.i
k
jjFreduced@φns@tD, φs@tD, φns'@tD, φs'@tDD.8φns'@tD, φs'@tD< +

1

a
qreduced@φns@tD, φs@tDD +

1

m2 a4
aug@φns@tD, φs@tDDy

{
zzE

9−
i
k
jjjjβ H1 + βL Cos@φns@tD − φs@tDD i

k
jjjj−

g H2 + β + μ + β μL Sin@φs@tDD
a

+

c2 Cos@φs@tDD Hβ H1 + βL Sin@φns@tDD − H1 + H1 + βL2 H1 + μLL Sin@φs@tDDL
a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2 +

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2y
{
zzzz + β H1 + H1 + βL2 H1 + μLL

i
k
jjjj

g Sin@φns@tDD
a

+
c2 Cos@φns@tDD H−β Sin@φns@tDD + H1 + βL Sin@φs@tDDL

a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2 −

H1 + βL Sin@φns@tD − φs@tDD φs @tD2y
{
zzzz
y
{
zzzz ì

Hβ2 H1 + H1 + βL2 H1 + μL − H1 + βL2 Cos@φns@tD − φs@tDD2LL, −
i
k
jjjj−

g H2 + β + μ + β μL Sin@φs@tDD
a

+

c2 Cos@φs@tDD Hβ H1 + βL Sin@φns@tDD − H1 + H1 + βL2 H1 + μLL Sin@φs@tDDL
a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2 +

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2 + H1 + βL Cos@φns@tD − φs@tDD
i
k
jjjj

g Sin@φns@tDD
a

+
c2 Cos@φns@tDD H−β Sin@φns@tDD + H1 + βL Sin@φs@tDDL

a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2 −

H1 + βL Sin@φns@tD − φs@tDD φs @tD2y
{
zzzz
y
{
zzzz ì H1 + H1 + βL2 H1 + μL − H1 + βL2 Cos@φns@tD − φs@tDD2L=
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ü Further simplifications:

SimplifyAFullSimplifyA−
i
k
jjjjjβ H1 + βL Cos@φns@tD − φs@tDD

i
k
jjjjj−

g H2 + β + μ + β μL Sin@φs@tDD
a

+

c2 Cos@φs@tDD Hβ H1 + βL Sin@φns@tDD − H1 + H1 + βL2 H1 + μLL Sin@φs@tDDL
a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2

+

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2y
{
zzzzz + β H1 + H1 + βL2 H1 + μLL

i
k
jjjjj

g Sin@φns@tDD
a

+
c2 Cos@φns@tDD H−β Sin@φns@tDD + H1 + βL Sin@φs@tDDL

a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2
−

H1 + βL Sin@φns@tD − φs@tDD φs @tD2y
{
zzzzz
y
{
zzzzzE ì Hβ2 H1 + H1 + βL2 H1 + μL − H1 + βL2 Cos@φns@tD − φs@tDD2LLE

J 1
a4  Jβ J−a3 g H2 + μ + β H2 + βL H1 + μLL Sin@φns@tDD + a3 g H1 + βL H2 + β + μ + β μL Cos@φns@tD − φs@tDD Sin@φs@tDD +

Jc2 JH1 + βL H2 + μ + β H2 + βL H1 + μLL Sin@φns@tD − φs@tDD Sin@φs@tDD2 +

1
4

β HH3 + 2 μ + β H2 + βL H1 + 2 μL − H1 + βL2 Cos@2 φs@tDDL Sin@2 φns@tDD − 2 H1 + βL2 Sin@φns@tDD2 Sin@2 φs@tDDLNN í

Im2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + β H2 + βL H1 + μLL Sin@φs@tDD2L2MNN +

β H1 + βL Sin@φns@tD − φs@tDD H−β H1 + βL Cos@φns@tD − φs@tDD φns @tD2 + H2 + μ + β H2 + βL H1 + μLL φs @tD2LN í
Hβ2 H1 + H1 + βL2 H1 + μL − H1 + βL2 Cos@φns@tD − φs@tDD2LL
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SimplifyAExpandA−
i
k
jjjjj−

g H2 + β + μ + β μL Sin@φs@tDD
a

+

c2 Cos@φs@tDD Hβ H1 + βL Sin@φns@tDD − H1 + H1 + βL2 H1 + μLL Sin@φs@tDDL
a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2

+

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2 + H1 + βL Cos@φns@tD − φs@tDD
i
k
jjjjj

g Sin@φns@tDD
a

+
c2 Cos@φns@tDD H−β Sin@φns@tDD + H1 + βL Sin@φs@tDDL

a4 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H1 + H1 + βL2 H1 + μLL Sin@φs@tDD2L2
−

H1 + βL Sin@φns@tD − φs@tDD φs @tD2y
{
zzzzz
y
{
zzzzzEE

1
a4  

i
k
jjjj−

c2 β H1 + βL Cos@φs@tDD Sin@φns@tDD
m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + 2 β H1 + μL + β2 H1 + μLL Sin@φs@tDD2L2 +

Sin@φs@tDD i
k
jjjja3 g H2 + β + μ + β μL +

c2 H2 + μ + 2 β H1 + μL + β2 H1 + μLL Cos@φs@tDD
m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + 2 β H1 + μL + β2 H1 + μLL Sin@φs@tDD2L2

y
{
zzzz + H1 +

βL Cos@φns@tD − φs@tDD
i
k
jjjj−

c2 H1 + βL Cos@φns@tDD Sin@φs@tDD
m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + 2 β H1 + μL + β2 H1 + μLL Sin@φs@tDD2L2 + Sin@φns@tDD

i
k
jjjj−a3 g +

c2 β Cos@φns@tDD
m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + 2 β H1 + μL + β2 H1 + μLL Sin@φs@tDD2L2

y
{
zzzz
y
{
zzzz
y
{
zzzz −

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2 +
1
2
H1 + βL2 Sin@2 Hφns@tD − φs@tDLD

φs @tD2

FullSimplify@%D

1
a4  I−a3 g H1 + βL Cos@φns@tD − φs@tDD Sin@φns@tDD +

a3 g H2 + β + μ + β μL Sin@φs@tDD + Hc2 H−2 β H1 + βL Sin@φns@tDD2 Sin@φns@tD − φs@tDD +

H−H1 + βL2 Cos@2 φns@tD − φs@tDD + H3 + 2 μ + β H2 + βL H1 + 2 μLL Cos@φs@tDDL Sin@φs@tDDLLë
I2 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + β H2 + βL H1 + μLL Sin@φs@tDD2L2MM −

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2 +
1
2
H1 + βL2 Sin@2 Hφns@tD − φs@tDLD

φs @tD2
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Simplify@% êH1 + H1 + βL2 H1 + μL − H1 + βL2 Cos@φns@tD − φs@tDD2LD

J 1
a4  I−a3 g H1 + βL Cos@φns@tD − φs@tDD Sin@φns@tDD +

a3 g H2 + β + μ + β μL Sin@φs@tDD + Hc2 H−2 β H1 + βL Sin@φns@tDD2 Sin@φns@tD − φs@tDD +

H−H1 + βL2 Cos@2 φns@tD − φs@tDD + H3 + 2 μ + β H2 + βL H1 + 2 μLL Cos@φs@tDDL Sin@φs@tDDLLë
I2 m2 Hβ2 Sin@φns@tDD2 − 2 β H1 + βL Sin@φns@tDD Sin@φs@tDD + H2 + μ + β H2 + βL H1 + μLL Sin@φs@tDD2L2MM −

β H1 + βL Sin@φns@tD − φs@tDD φns @tD2 +
1
2
H1 + βL2 Sin@2 Hφns@tD − φs@tDLD φs @tD2N í

H1 + H1 + βL2 H1 + μL − H1 + βL2 Cos@φns@tD − φs@tDD2L

Impact Transition Map: General Form to Scalar Form (Normalized)

Qn = 88−Beta, −Beta + Hmeu H1 + BetaL^2 + 2 H1 + BetaLL Cos@ThetaNS − ThetaSD<, 80, −Beta<<;
Qp = 88Beta HBeta − H1 + BetaL Cos@ThetaNS − ThetaSDL, H1 + BetaL HH1 + BetaL − Beta Cos@ThetaNS − ThetaSDL +

1 + meu H1 + BetaL^2<, 8Beta^2, −Beta H1 + BetaL Cos@ThetaNS − ThetaSD<<;
Qpinv =

Inverse@
QpD;

H = FullSimplify@Qpinv.QnD;
MatrixForm@HD

i

k

jjjjjjj
− H1+BetaL Cos@ThetaNS−ThetaSD

2+meu+Beta H2+BetaL H1+meuL−H1+BetaL2 Cos@ThetaNS−ThetaSD2
−2+H−1+BetaL H1+BetaL2 meu+H1+BetaL2 H2+meu+Beta meuL Cos@2 HThetaNS−ThetaSLD

2 Beta H2+meu+Beta H2+BetaL H1+meuL−H1+BetaL2 Cos@ThetaNS−ThetaSD2L

− Beta
2+meu+Beta H2+BetaL H1+meuL−H1+BetaL2 Cos@ThetaNS−ThetaSD2

2 H1+BetaL H1+meu+Beta meuL Cos@ThetaNS−ThetaSD
3+2 meu+Beta H2+BetaL H1+2 meuL−H1+BetaL2 Cos@2 HThetaNS−ThetaSLD

y

{

zzzzzzz

FullSimplify@H.8ThetaPNS, ThetaPS<D

8−H2 Beta H1 + BetaL ThetaPNS Cos@ThetaNS − ThetaSD −

ThetaPS H−2 + H−1 + BetaL H1 + BetaL2 meu + H1 + BetaL2 H2 + meu + Beta meuL Cos@2 HThetaNS − ThetaSLDLLê
H2 Beta H2 + meu + Beta H2 + BetaL H1 + meuL − H1 + BetaL2 Cos@ThetaNS − ThetaSD2LL,

−HBeta ThetaPNSLêH2 + meu + Beta H2 + BetaL H1 + meuL − H1 + BetaL2 Cos@ThetaNS − ThetaSD2L +

H2 H1 + BetaL H1 + meu + Beta meuL ThetaPS Cos@ThetaNS − ThetaSDLê
H3 + 2 meu + Beta H2 + BetaL H1 + 2 meuL − H1 + BetaL2 Cos@2 HThetaNS − ThetaSLDL<
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