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Abstract: Electrical power distribution networks are susceptible to Fault Induced Delayed Voltage
Recovery (FIDVR). Such events are usually initiated by faults at substations and lead to sustained low
voltages throughout the distribution grid. The mechanism underpinning this phenomenon is known to
be the stalling of induction motors in residential air conditioners. It is useful to be able to partition
parameter space into parameters that induce motor stalling versus those for which the motors recover for
a particular fault. Novel algorithms are presented for numerically computing the border that separates
such parameter-space partitions, and for finding the point on the border that is closest to a given point
in parameter space. These algorithms are justified by theoretical results which exploit the presence
of a special equilibrium point on the state-space stability boundary, called the controlling unstable
equilibrium point. The key idea is to vary parameters in order to drive the trajectory to spend a fixed
amount of time inside a ball centered at the controlling unstable equilibrium point, and then to maximize
the amount of time inside that ball. The algorithms are applied to a modified version of the IEEE 37-bus
test feeder.
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1. INTRODUCTION

Distribution networks that serve large numbers of air condition-
ers are vulnerable to Fault Induced Delayed Voltage Recovery
(FIDVR), NERC (2009). FIDVR events are typically initiated
by a fault near a substation, triggering a temporary drop in volt-
age that affects the associated distribution grid. When the lo-
cal voltage drops, the induction motors driving air-conditioner
compressors are affected; the electrical torque drops without
a corresponding decrease in mechanical torque, causing the
induction motor to decelerate. Induction motors draw more
current when they reaccelerate, leading to further reduction in
local voltages. As a result, restoration of pre-fault voltages can
be significantly delayed. Furthermore, if fault clearing is not
sufficiently quick, some motors will stall and the system may
not be able to recover to pre-fault conditions.

Although the root cause for FIDVR events is well understood
in a general sense, NERC (2009), rigorous analysis of the insta-
bility mechanisms is still required. Whether induction motors
stall or recover depends on system parameters, such as motor
moments of inertia and fault clearing times. We consider a fixed
disturbance, such as a three-phase fault on a particular line,
and a particular set of parameters that affect induction motor
stalling. We are interested in partitioning parameter space into
sets of parameter values for which all induction motors recover
to pre-fault conditions and sets of parameter values for which at
least one induction motor stalls. This work provides a first step
towards understanding the parameter dependence of cascading
induction motor stalling during FIDVR events by characteriz-
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ing the onset of induction motor stalling in a distribution net-
work. More generally, the parameter-space partitioning concept
can be defined for any dynamical system subject to a fixed
disturbance whose final state depends on system parameters.

Algorithms are developed for characterizing the border that
separates stable and unstable partitions of parameter space.
A general framework, which is applicable to a large class of
hybrid dynamical systems, is initially considered. Analysis will
then consider a test case exhibiting FIDVR events. When con-
sidering a parameter set with two free (unspecified) parameters,
the desired partition border is a curve. An algorithm is devel-
oped to numerically trace this curve. For parameter sets with
more than two free parameters, an algorithm is developed to
locate the parameter set on the partition border that is of mini-
mal distance from a given set of parameters. These algorithms
are motivated by novel theoretical results which prove that
under reasonable assumptions the algorithm, if it converges,
is guaranteed to obtain parameter sets arbitrarily close to the
desired border. Each set of parameter values corresponds to
a trajectory in state space. If a trajectory is marginally (only
just) able to recover, then under reasonable assumptions it must
spend a long time near a particular unstable equilibrium point
(UEP) on the (state-space) boundary of the region of attraction
of its stable operating point. This point is called the controlling
UEP (CUEP) and will be rigorously defined later.

The key idea is to establish a ball (in state space) about the
CUEP and to vary a parameter such that the trajectory spends a
fixed length of time inside the ball. Then, an Euler-homotopy
continuation method is used to vary that same parameter to
increase the time spent by the trajectory inside the ball. A
theoretical result guarantees that maximizing the time within
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Fig. 1. Frequency versus time for a single motor in the two
motor test network.

the ball will bring the parameter value arbitrarily close to the
(parameter space) border that separates stable and unstable
partitions.

2. BACKGROUND

2.1 Fault Induced Delayed Voltage Recovery

Induction motors are the major loads in many distribution
networks. Let J be the rotor moment of inertia of an induction
motor and H = 1

2Jω
2
0 its normalized moment of inertia. Let ω

be its rotational frequency, ω0 the synchronous frequency of
the grid, Telec the electrical torque of the motor, and Tmech

its mechanical torque. A popular model for the mechanical
torque is Tmech = T0

(
ω
ω0

)m
for some positive exponent m,

Kundur (1994). From Newton’s Law for angular motion it is
straightforward to derive:

2H
d

dt

ω

ω0
= Telec − T0

( ω
ω0

)m
.

This equation is combined with dynamical equations for the
motor voltages and currents. A full description is provided in
Kundur (1994).

Consider a simple radial test case consisting of an infinite
bus and two induction motors. After initialization to a steady
state, a fault was applied at the infinite bus at 0.1 sec and
cleared after 0.5 sec. Figure 1 shows frequency versus time
for the downstream motor (furthest from the infinite bus). The
frequency of the motor steadily drops during the fault and
then recovers after the fault is cleared. However, reducing the
motor’s moment of inertia to a sufficiently low value results in
motor stalling.

Identifying critical parameter values for which at least one
induction motor is on the brink of stalling is equivalent to
determining the parameter values for which the state at fault
clearing lies on the boundary of the (post-fault) region of
attraction of the stable equilibrium point (SEP). If at least one
motor stalls then, at the moment of fault clearing, the state must
lie outside the (post-fault) region of attraction.

2.2 Generic System Model

Many dynamical systems can be modeled by a set of differential
algebraic equations (DAE):

ẋ = f(x, y), 0 = g(x, y) (1)
where x ∈ Rn are the dynamic states and y ∈ Rm are
the algebraic states. The flow of a dynamical system, denoted
φ(t, x0) ≡ φt(x0), satisfies φ(0, x0) = x0 and d

dtφ(t, x0) =
f(x, y). To simplify notation the details associated with switch-
ing events are not presented, but the algorithm takes switching
into account. Power system applications of interest involve a
system starting at a stable steady-state equilibrium point xs,
fault connection, clearing the fault, and then observing the
ensuing dynamics. This process is accurately modeled using the
DAE structure.

There exists a rich theory characterizing the stability boundary,
or equivalently the boundary of the region of attraction, for
a large class of autonomous nonlinear ordinary differential
equations (ODEs). Our algorithm development builds on this
theory. We assume that f and g are continuously differentiable
and that ∂

∂y g(x, y) is invertible in the region of interest. Under
these conditions the DAE system above can be collapsed to an
equivalent ODE system. When switching is incorporated, under
assumptions that triggering hypersurfaces are differentiable
manifolds that are encountered transversally, the flow will still
be piecewise continuously differentiable, Di Bernardo et al.
(2008).

2.3 Theoretical Motivation

We consider the nonlinear autonomous system which will de-
scribe both the pre-fault and post-fault (but not the fault-on) dy-
namics, and reduce the system to its ODE equivalent: ẋ = f(x)
where f is continuously differentiable and x ∈ Rn. Let xs be
the stable equilibrium point of interest, f(xs) = 0. Let x0(p)
denote the system state when the fault is cleared, where we em-
phasize its implicit dependence on the parameter p. Then x0(p)
is the initial condition of the post-fault system. We assume that
x0(p) is a continuous function of p in a neighborhood of the
stability partition border. When p is such that x0(p) lies in the
stability region of xs, the system will recover from the fault.
Conversely, when p is such that x0(p) lies outside the stability
region then the system will not recover. Therefore, if x0(p) lies
on the state-space stability boundary then p must lie on the
parameter-space stability/instability partition border. The goal
is to exploit the structure of the stability boundary to drive p to
the partition border.

The stable manifold of an equilibrium point xe is defined as:
W s(xe) = {x0 : lim

t→∞
φt(x0) = xe}.

Note that W s(xe) is a differentiable manifold, Smale (1967).

Let p be a parameter which, for different values, can lead
to recovery to xs or not. If p = p1 is a value for which
the system does not recover to xs, then while the fault is
active, the system trajectory must exit the post-fault stability
region of xs. Accordingly, the fault-on trajectory must cross
the post-fault stability boundary. We make similar assumptions
to A1–A3 of Section IV of Chiang et al. (1988), which are
reasonable for the power system applications of interest. Under
these assumptions, the fault-on trajectory must cross the stable
manifold of a UEP on the stability boundary, which we take
as our definition of the CUEP. Let p = p∗ be the value of
p for which x0(p) lies on the stability boundary. Then p∗ is
the desired value on the partition border. Finding p∗ takes
advantage of the following argument.



Suppose p = p0 is a value for which the system recovers.
Then as p approaches p∗ starting from p0, the length of time
the trajectory spends near the CUEP increases to infinity, and it
does so continuously. The intuition for this result is as follows.
Since the vector field is continuously differentiable, its flow
is continuously differentiable in both time and parameter p.
The trajectory starting from x0(p∗) spends an infinite amount
of time near the CUEP since it converges to it, by definition.
By the continuity of the flow, we expect nearby trajectories
to spend a large amount of time near the CUEP as well. This
implies that by maximizing the time the trajectory spends near
the CUEP, p can be driven from p0 to p∗.

To make the argument more precise, let B(x̂, r) be a ball
centered at the CUEP x̂ and of fixed radius r > 0. Assume that
the system trajectory never grazes this ball. Let τ(p) denote the
time the trajectory spends inside the ball from its first crossing
inwards to its last crossing outwards. Then τ(p) is continuous
and finite for p ∈ [p0, p

∗), and limp∈[p0,p?]→p? τ(p) = ∞.
Although this result follows from the technical assumptions
above, most of these assumptions are generic only for p0
sufficiently close to p∗. Hence, the result is a local guarantee
that often holds more generally in practice. The proof is omitted
for brevity, but the intuition is that the time spent near the CUEP
is quantified in terms of the time spent inside the ball B(x̂, r).

2.4 Trajectory Sensitivities

For initial conditions x0(p), the flow (trajectory) is denoted by
φt(x0(p)) = x(t). Define the trajectory sensitivities Φt(x0) by:

Φt(x0) =
∂

∂x
φt(x)|x0 .

The trajectory sensitivities capture the sensitivity of the flow
to incremental changes in the initial conditions. It was shown
in Hiskens and Pai (2000) that trajectory sensitivities can be
extended to incorporate the impulsive and switched behavior
characteristic of hybrid systems. Trajectory sensitivities will be
used to compute:

∂

∂p
φt(x0(p)) = Φt(x0)

dx0
dp

which appears in the algorithms developed in Section 3. Using
an implicit integration scheme such as trapezoidal integration
ensures that trajectory sensitivities can be computed efficiently
as a by-product of numerical integration, Hiskens and Pai
(2000).

3. ALGORITHMS

The initial goal is to obtain a point arbitrarily close to the
partition border by varying a single system parameter. The main
idea behind this approach is to find a parameter value that
causes the trajectory to spend a fixed amount of time τ in a
ball around the CUEP, and then to increase the time τ until the
parameter is arbitrarily close to its value p? on the border. For
simplicity, the algorithm is presented for a CUEP x̂(p) = x̂ that
does not depend on the parameter. However, it can be simply
extended to incorporate movement of the CUEP.

Prior work has been successful at varying parameters to drive
a trajectory to spend a fixed length of time between trigger-
ing hypersurfaces, Donde and Hiskens (2005). More recently,
Fisher and Hiskens (2015) developed an indirect algorithm to
maximize the time spent by the trajectory near the CUEP, but
it could not provide guarantees of convergence to the border.

Here, a novel algorithm is presented which directly maximizes
the time spent by the trajectory near the CUEP, and therefore
has theoretical guarantees that prior algorithms did not.

Henceforth we assume that existing methods, such as Chiang
(2011); Treinen et al. (1996), have been used to find the CUEP
x̂. Then we can pick a radius r > 0, define the ball B(x̂, r),
and define τ(p) for this ball. Based on Section 2.3, τ(p) is
continuous over its domain and limp→p? τ(p) = ∞, so by
increasing τ the system can be driven arbitrarily close to the
partition border.

3.1 Step 1: Fixed τ

Given the CUEP x̂, the first step towards obtaining a point
arbitrarily close to the partition border is to vary p such that
the trajectory spends a fixed time τ inside B(x̂, r). Let (x1, y1)
and (x2, y2) be the system states at the initial and final intersec-
tions with B(x̂, r), respectively. Then these intersections are
described by:

(x1 − x̂)ᵀ(x1 − x̂)− r2 = 0 (2a)
(x2 − x̂)ᵀ(x2 − x̂)− r2 = 0. (2b)

Let t1 and t2 denote the initial and final intersection times. We
require that:

τ − t2 + t1 = 0. (3)
Finally, it is necessary that the system states satisfy (1):

φt1(x0(p))− x1 = 0 (4a)
g(x1, y1) = 0 (4b)

φt2(x0(p))− x2 = 0 (4c)
g(x2, y2) = 0. (4d)

Let z = [xᵀ1 y
ᵀ
1 t1 x

ᵀ
2 y

ᵀ
2 t2 p]

ᵀ denote the variables. Then the
desired solution is obtained by assembling (2)–(4) as:

F (z) =



φt1(x0(p))− x1
g(x1, y1)

(x1 − x̂)ᵀ(x1 − x̂)− r2
φt2(x0(p))− x2

g(x2, y2)
(x2 − x̂)ᵀ(x2 − x̂)− r2

τ − t2 + t1


= 0. (5)

Newton-Raphson can be employed to solve F (z) = 0. From
some initial guess z(0), the update performed at each iteration
k is:

zk+1 = zk −DF (zk)−1F (zk) (6)
where

DF (z) =
∂F

∂z
=

−I 0 f |1 0 0 0 Φt1

dx0
dp

∂g

∂x
|1

∂g

∂y
|1 0 0 0 0 0

(x1 − x̂)T 0 0 0 0 0 0

0 0 0 −I 0 f |2 Φt2

dx0
dp

0 0 0
∂g

∂x
|2

∂g

∂y
|2 0 0

0 0 0 (x2 − x̂)T 0 0 0
0 0 1 0 0 −1 0


(7)

and |1 and |2 indicate evaluations at (x1, y1) and (x2, y2),
respectively. Note that (6) is typically solved using LU or
QR decomposition rather than direct inversion of DF . The



Fig. 2. Predictor-corrector continuation process.

algorithm (6) varies the parameter p in order to drive τ , the
time spent within B(x̂, r), to some fixed value.

3.2 Step 2: Point on Partition Border

Having determined the trajectory that spends a fixed length
of time τ inside B(x̂, r), a continuation process is used to
maximize τ . In practice, a large but finite τ will ensure the
partition border is approached to within a small tolerance.

The continuation process proceeds by treating τ as a free
parameter in addition to p. Thus, for continuation z =
[xᵀ1 yᵀ1 t1 xᵀ2 yᵀ2 t2 p τ ]ᵀ. Since there is one more variable
than the number of equations, F (z) = 0 defines a 1-manifold
which the continuation process follows. There are two steps
to the continuation process at each iteration: prediction and
correction. Figure 2 depicts this predictor-corrector process.
The predictor step involves finding the tangent to the curve at
the current point on the curve and moving along it an arbitrary
distance κ. Let DF+

k denote the matrix DFk from (7) with the
additional column [0...0 1]ᵀ appended. The tangent vector η
satisfies:

DF+
k η = 0, ‖η‖22 = 1.

It can be found by performing QR decomposition on
(
DF+

k

)ᵀ
and then setting η to be the final column of the resulting
orthogonal matrix Q. The predicted point zp is given by:

zp = zk + κη.

The second step is a corrector which involves projecting the
predicted point zp back onto the desired 1-manifold. We follow
a similar algorithm to that presented in Donde and Hiskens
(2006). In order to obtain a point, an additional equation is
required since there are now two free parameters. This extra
equation is obtained by requiring that the vector zp − zk+1 lie
on the hyperplane that passes through zp and is orthogonal to
η, see Fig. 2. It is given by:

ηᵀ(zp − zk+1) = 0

or since zp = zk + κη,
κ+ ηᵀ(zk − zk+1) = 0.

This gives:

Fcont(z) =

[
F (z)

κ+ ηᵀ(zk − z)

]
and

DFcont(z) =

[
DF+(z)
ηᵀ

]
.

We can obtain a solution to Fcont(z) = 0 using Newton-
Raphson with the update:

zk+1 = zk −DF−1cont(zk)Fcont(zk).

Using this predictor-corrector continuation algorithm, τ can be
extended to be arbitrarily large, with x0(p) being the post-fault

initial condition for a trajectory that approaches the boundary
of the region of attraction arbitrarily closely. Thus, this contin-
uation process starts from a point with a fixed τ and reaches a
point within a fixed tolerance of the partition border.

3.3 Partition Border Curve

Once a point arbitrarily close to the partition border has been
found, τ can be fixed and some other parameter θ can be freed.
This leaves a 1-manifold defined by F (z) = 0 that can be
followed by a new continuation process analogous to that used
to increase τ . In this case, however, the final column of DF+

k
is given by:[(

Φt1

dx0
dθ

)ᵀ
0 0

(
Φt2

dx0
dθ

)ᵀ
0 0 0

]ᵀ
.

Every point on this 1-manifold corresponds to a trajectory with
a fixed (large) value of τ . In practice, we have observed that a
1-manifold of constant τ usually remains close to the partition
border in the space of the two free parameters, although this is
not guaranteed.

3.4 Nearest Point on the Partition Border

If m > 2 parameters have been freed then F (z) = 0 defines an
(m − 1)-manifold. Let p ∈ Rm denote the free parameters.
For a given p0, we can find the smallest change in the free
parameters that results in a point on the partition border. This
can be expressed as the optimization problem:

min
p,z

1

2
||p− p0||22

s.t. F (p, z) = 0

where z = [xᵀ1 yᵀ1 t1 xᵀ2 yᵀ2 t2]ᵀ. The Lagrangian for this
problem is:

L(p, z, λ) = ||p− p0||22 + λᵀF (p, z)

where λ is a vector of Lagrangian multipliers. Any stationary
point, such as a local minimum, must satisfy:

∇L(p, z, λ) = 0 =


(p− p0) +

(∂F
∂p

)ᵀ
λ(∂F

∂z

)ᵀ
λ

F (p, z)

 .
To solve this system of equations, we use an optimization
algorithm similar to Donde and Hiskens (2006) which was
adapted from Dobson (2003). We begin with a unit vector ρ0
pointing in an initial direction in the parameter space of p. At
each iteration k let p = p0 + γρk, where γ is a scalar. Then a
continuation process is used to vary γ from 0 until the partition
border is encountered at pk = p0+γkρk, where F (pk, zk) = 0.
The matrices ∂F

∂z and ∂F
∂p can be computed analogously to

DF+, except that ∂F
∂p has m columns corresponding to the m

free parameters. The Lagrangian multipliers λk at each iteration
must satisfy

(∂F (pk,zk)
∂z

)ᵀ
λk = 0, so they can be computed by

performing a QR decomposition of ∂F (pk,zk)
∂z and setting λk

equal to the last column ofQ. Then let ρk+1 =
(∂F (pk,zk)

∂p

)ᵀ
λk

and normalize. Since p = p0 + γρ, this process drives the
remaining equation (p − p0) +

(
∂F
∂p

)ᵀ
λ to zero. The iterations

are repeated until ρ converges.



Fig. 3. IEEE 37-bus test feeder.

4. NUMERICAL EXPERIMENTS

The algorithms presented above were applied to a modified
version of the IEEE 37-bus test feeder shown in Fig. 3. In order
to induce stressed conditions, the total load on the system was
doubled. Then 60% of the load at each bus was replaced by
an induction motor with the equivalent active power, leaving
40% background load. This is consistent with the peak air-
conditioning load penetration of Southern California Edison
inland load, NERC (2009). The moments of inertia of the
induction motors were chosen to be proportional to their active
power, with a common proportionality constant used for all
motors. This proportionality constant will be refer to as the
moment of inertia scaling factor, SF , and forms one of the
parameters of interest in the following studies, along with the
fault duration and the voltage at the infinite bus during the fault.

We consider a nominal steady state in which no motors are
stalled, apply a fault on the infinite bus at the head of the feeder,
and then clear the fault after a specified duration. Stressed
conditions led to cascaded stalling indicative of FIDVR events.
Also note that the test cases below share a common CUEP, and
that they appear to satisfy all the technical requirements from
Section 2.3.

4.1 Results

Each of the algorithms presented above was applied to the
modified 37-bus IEEE test feeder. First, Fig. 4 depicts the
(Euclidean) distance from the trajectory to the CUEP over time.
The dashed line indicates a fixed distance of r = 190 from the
UEP. Using the Newton-Raphson algorithm described earlier,
the moment of inertia scaling factor SF was varied to ensure
that the trajectory spent a fixed amount of time τ = 0.2 sec
inside the specified ball. Close inspection of the figure shows
that the intersections of the trajectory with the ball occur exactly
0.2 sec apart.

The next step was to run a continuation process, by treating
τ as a second free parameter, in order to reach a parameter
value that was arbitrarily close to the partition border. Figure 5
illustrates this continuation process. Here, τ was increased from
0.2 sec inside the ball to 1.5 sec, leading to a decrease in SF of
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Fig. 4. Distance from the trajectory to the unstable equilibrium
point as a function of time, for a trajectory that has been
driven inside a ball of radius 190 for a time τ = 0.2s. The
radius 190 is depicted by the dotted line.
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Fig. 5. Time τ spent within a fixed radius of the unstable
equilibrium point versus moment of inertia scaling factor
SF .

just over 0.02. When the slope of the curve approaches zero it
implies that further increasing τ will have negligible effect on
the value of the free parameter SF . Practically, this implies that
SF is near its critical value SF ?, indicating that the algorithm
has succeeded in approaching arbitrarily closely to the partition
border.

After finding a point arbitrarily close to the partition border, τ
is fixed and a pair of parameters can be freed, resulting in a
1-manifold in parameter space. Figure 6 depicts the partition
border for bus 740 motor moment of inertia and bus 741 motor
moment of inertia, the two motors at the end of the feeder.
Points above the curve correspond to parameter sets that lead to
recovery of all motors after the fault clears while points below
the curve are parameter sets that cause one or more motors to
stall after the fault.

Finally, we considered an arbitrary number m of free parame-
ters p, specified values p0, and seek the point p̂ on the partition
border that is closest to p0. For this example, the free parameters
used were fault duration time and voltage at the infinite bus dur-
ing the fault. The specified values p0 are 0.35 sec and 0.55 pu,
respectively. Figure 7 shows the iterations of the optimization
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algorithm. Note that convergence was achieved in just three
iterations, and that the points generated at each iteration lie on
the partition border in the directions successively estimated by
the algorithm.

We also considered a case where the background active and
reactive power load at every bus was freed, a total of 50 free
parameters. This gave the smallest change in background load
that would lead the system to be arbitrarily close to the partition
border. The optimization algorithm in this case converged in
two iterations.

Explicit computation of partition borders and knowledge of the
point on the border of minimum distance from a given initial
parameter set can be used to better understand the dependence
of FIDVR events on parameters, and motivate approaches for
reducing the likelihood and severity of these events in practice.

5. CONCLUSIONS

This work presents a novel algorithm for numerically comput-
ing the border in parameter space that partitions parameters that

give rise to stable behavior from those that result in instability.
The algorithm is applicable for a wide class of dynamical sys-
tems. It is shown that for any ball of positive radius about the
CUEP, the time τ that the trajectory spends inside the ball is
continuous in parameter p and approaches ∞ as p approaches
its critical value p?. This motivates the design of an algorithm
which first varies p so that the trajectory spends a fixed time
inside the ball, and then uses a predictor-corrector continuation
algorithm to maximize τ . Doing so results in an arbitrarily
close approach to the partition border. Once a point sufficiently
close to that border has been found, another parameter can be
freed to allow computation of the resulting 1-manifold partition
border. Alternatively, given a collection of free parameters p
and a specified value p0, an optimization algorithm has been
presented to find the point on the partition border that is closest
to p0.

The theory and algorithms developed were applied to analyze
the onset of induction motor stalling in a distribution network.
The partition border was computed in term of the moments of
inertia of various motors. The optimization algorithm was used
to compute the nearest point on the partition border in terms
of fault duration time and fault voltage dip. The optimization
algorithm was also applied to find the smallest change in
background load that resulted in instability.
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