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ABSTRACT
Interconnectstructuresincludingdielectricscanbemodeledby an
integralequationmethodusingvolumecurrentsandsurfacecharges
for the conductors,andvolumepolarizationcurrentsandsurface
chargesfor thedielectrics.In this paperwe describea meshanal-
ysis approachfor computingthe discretizedcurrentsin both the
conductorsandthedielectrics.We thenshow that this fully mesh-
basedformulation can be cast into a form using provably posi-
tive semidefinitematrices,makingfor easyapplicationof Krylov-
subspacebasedmodel-reductionschemestogenerateaccurateguar-
anteedpassive reduced-ordermodels.Severalprintedcircuit board
examplesaregivento demonstratetheeffectivenessof thestrategy.

1. INTR ODUCTION
Dielectric materialsarepresentin almostall modernelectronic

circuits: from PrintedCircuit Boards(PCBs),to packages,Multi-
ChipsModules(MCMs), andIntegratedCircuits. Dielectricscan
significantlyaffect both the performanceandthe functionality of
electroniccircuits. For instance,they canchangeinterconnectde-
lays,aswell asthepositionsof frequency responseresonances.Ig-
noringdielectricscanthereforepotentiallyleadto very inaccurate
resultsbothin timing analysistoolsandin signalintegrity tools.

Integralequationmethodshave provedto beveryeffective tools
for analyzingon-chipandoff-chip interconnectstructures,andthere
are several approachesfor including dielectric interfacesin inte-
gral formulations.For problemswhich canbeviewedasflat inter-
facesof infinite extent, suchasmultilayer printedcircuit boards,
the dielectricinterfaceconditionscanbe satisfiedby an appropri-
atechoiceof Green’s function [1, 2, 3, 4, 5]. For generalshape
or finite-sizedielectric bodies,it is possibleto “replace” the di-
electricswith equivalentfictitious electricand/ormagneticsurface
currents[6, 7]. Generaldielectricshapescanalsobehandledby a
volumeintegral equation(VIE) approach,in which casethepolar-
izationcurrentsareintroducedin thevolumeof thedielectrics,and�
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chargesareintroducedon their surfaces[8, 9].
As thelastdecadehasmadeclear, detailedelectromagneticanal-

ysisis avastlymoreeffective tool if it canbeusedto automatically
generateaccuratecircuit-level modelsof the interconnect.In this
paperwe show thatcarefuldiscretizationof theVIE methodleads
to, at leastin thelow frequency regime,a lineardynamicalsystem
with positivesemi-definitematrices.Thispositive-definiteresultis
importantbecauseit makespossiblethe straight-forward applica-
tion of theKrylov-subspacebasedguaranteedpassive model-order
reduction(MOR) techniques[10, 11,12,13,14,15,16,17].

The paperis organizedasfollows: in Section2 we summarize
Maxwell equationsin VIE form. In Section3,wedescribethemesh
analysisformulationfor dielectrics.In Section4 we show that the
matricesresultingfrom theVIE full meshanalysisapproachcanbe
castinto a positive semidefiniteform, henceallowing guaranteed
passive low ordermodelsextraction. Finally, in Sections6 and7
we show theresultsof our implementationon simpleexamplesof
interconnectstructuresincludingdielectrics.

2. BACKGROUND
Maxwell equationsin MixedPotentialIntegralEquation(MPIE)

form areasshown in (1)-(4),whereVc andVd aretheunionof the
conductoranddielectricvolumesrespectively, rc and rd arevec-
tors indicatingpointsin Vc andVd respectively. µ is themagnetic
permeability, ε0 is thepermittivity, εr is thedielectricrelative per-
mittivity, σc is theconductivity of themetal,andω is theangular
frequency of theconductorexcitation. Jc is thecurrentdensityin
the conductors.Jd

� jω
�
ε � ε0 � E is thepolarizationcurrentden-

sity in theinteriorof thedielectrics,andE is theelectricfield. The
kernelK

�����	� � for a full-wave formulationis a frequency dependent
function

K
�
r1
�
r2 � � ejω 
 ε0µ � r1 � r2 �


r1 � r2

�� (5)

When the relevant length scalesare much smaller than a wave-
length, the above kernelcanbe approximatedwith the frequency
independentfunction

K
�
r1
�
r2 � � 1


r1 � r2

 � (6)

Thescalarpotentialsφc andφd, canberelatedto thesurfacecharge
ρc andρd, on boththeconductoranddielectricsurfacesasshown
in (3)-(4),whereSc is theunionof theconductorsurfaces,Sd is the
union of the dielectricsurfaces,rcs is a vector indicatinga point
in Sc, and rcs is a vector indicating a point in Sd. Within each
conductor, andwithin eachhomogeneousblockof dielectric,

∇
�
Jc
�
rc � � 0 (7)

∇
�
Jd
�
rd � � 0 (8)
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�
rds � (4)

for all pointsrc andrd in the interior of Vc andVd respectively. In
addition,thecurrentnormalto theconductoranddielectricsurfaces
is responsiblefor theaccumulationof surfacecharge,

n̂
�
Jc
�
rcs� � jωρc

�
rcs� (9)

n̂
�
Jd
�
rds � � jωρd

�
rds � (10)

wheren̂ is the unit normal to Sc andSd at the points rcs and rcs
respectively.

The main unknowns, Jc, Jd, ρc, and ρd can be approximated
by a weightedsumof a finite setof basisfunctions. Oneclassi-
cal choicefor the basisfunctionsis to cover the surfaceof each
conductorandof eachdielectricwith panels, eachof which hold
a constantcharge density. To modelcurrentflow, the interiorsof
all conductorsanddielectricsaredivided into a 3-D grid of fila-
ments. Fig. 3 shows an exampleof the 3D volumediscretization
of a dielectricparallelepiped.Eachfilamentcarriesa constantcur-
rent. Otherbasisfunctionschoicesarepossiblefor the interior of
theconductors[18].

A Galerkinmethod[19] canbeusedto transformtheMixedPo-
tentialsIntegralEquations(1)-(4) into analgebraicform����

R
�

sL
� 1

s

�
0 0
0 Pol � �

0 0
0 0 ��

0 0
0 0 � P

� ��� ��� Ic
Id
qc
qd

� �� � ��� Vc
Vd
φc
φd

� ��
(11)

whereIc, Id, qc andqd arevectorsof basisfunction weightsfor
the conductorcurrents,dielectricpolarizationcurrents,conductor
chargesanddielectricchargesrespectively. Vc, Vd, φC andφd are
thevectorsgeneratedby innerproductsof thebasisfunctionswith
the potentialgradientandwith the potentialitself. The resistance
matrix R, the inductancematrix L andthecoefficientsof potential
matrixP areall deriveddirectly from theGalerkincondition[19],

R � �
Rc 0
0 0 � � (12)

L � �
Lcc Lcd
Ldc Ldd

� � (13)

P � �
Pcc Pcd
Pdc Pdd

� � (14)

L andP arefrequency dependentwhenusinga full-wavekernelas
in (5), and frequency independentwhenusinga quasi-staticker-
nel asin (6). Matrix Pol in (11) is a diagonalmatrix carryingthe
polarizationcoefficients

Poli � i � l i
Ai
�
ε � ε0 � (15)

wherel i andAi arethelengthandthecross-sectionalareaof dielec-
tric filamenti respectively.

3. THE MESH FORMULA TION
Imposingchargeconservation(9)-(10)andcurrentconservation

(7)-(8)onsurfaceandoninterior ofbothconductorsanddielectrics
makesit possibleto usea meshanalysisapproach.As a summary,
acompletemeshformulationfor structuresincludingbothconduc-
torsanddielectrics,aftertheGalerkintransformationcanbewritten
simplyas:

M ZcdMT Im � Vms (16)

whereIm aretheunknownmeshcurrents,Vms is thevectorof known
meshvoltagesources,nonzeroonly ontherowsassociatedwith the
externalcircuit terminals.Zcd is theGalerkinimpedancematrix

Zcd
� �� R

�
sL
� 1

s

�
0 0
0 Pol � 0

0 1
sP

�� (17)

M is a verysparsemeshanalysismatrix,

M � �M f cMdMpcMpd ! � (18)

wheresubmatricesM f c andMpc aretheKVL’s meshmatricesfor
theconductorsfilamentsandpanelsasdescribedin [20]. In a very
similarwayto [20], wecanconstructalsoM f d andMpd, theKVL’s
meshmatricesfor thedielectricfilamentsandpanels.In fact,asfor
theconductors,dielectricpanelchargescanbetreatedasdisplace-
mentcurrentsflowing on circuit branchesto thenodeat infinity. A
setof independentmeshesfor thethreedimensionaldiscretization
of theblock of dielectriccanbefoundusinga minimumspanning
tree.

4. PASSIVE MODEL ORDER REDUCTION
In this Section,we will limit ourself to the usageof the quasi-

static kernel in (6) which producesfrequency independentL and
P matricesin (13) and (14). The techniqueto handledielectrics
in [21] usesa similar quasi-staticassumption,andseemsmoread-
vantageousrequiring fewer unknowns. However, not only mag-
netic coupling betweenconductive and polarizationcurrentsare
neglectedby that formulation, but also the matricesusedin that
formulationarenot in theform requiredfor Krylov-subspacebased
passivemodel-reductionschemes[10]. In thisSection,weshow in-
steadan easyway to castour meshanalysisapproachinto a form
suitablefor passive reducedordermodeling.

Let uschooseasstatevectorfor a linearsystemrepresentation:

x �#" Im Qcs Qds Qdv $ T (20)

In view of thischoice,wecanrewrite (16)asshown in (19)onnext
page,where �QcsQdsQdv ! T � �MpcMpd M f d ! T Im

s
� (21)



�M f c M f d ! �R � sL! �M f c M f d ! T Im
� �MpcMpd ! P �QcsQds! T � M f d

�Pol ! Qdv
� Vms (19)

Or finally in linearsystemterms:

L̂
dx
dt
� � R̂x

�
t � � Bu

�
t � (22)

y
�
t � � Cx

�
t � (23)

wherematricesL̂ andR̂aredefinedas

L̂ % &')(M f c M f d * L (M f c M f d * T 0 0
0 PT 0
0 0 (Pol * T +, (24)

R̂ % &' (M f cM f d * R (M f c M f d * T (MpcMpd * P M f d (Pol *- PT (MpcMpd * T 0 0- (Pol * TMT
f d 0 0 +, (25)

Vectoru
�
t � containsthe excitation voltagesources,Bu

�
t � � Vms.

Vectory
�
t � containstheobservedoutputcurrents,derivedthrough

matrixC from themeshcurrentsIm in thestatevectorx
�
t � .

THEOREM 1. Matrices L̂ and R̂ in (24) and (25) are positive
semidefinite.

PROOF. Thepolarizationmatrix �Pol ! is diagonalwith positive
coefficients,henceit ispositivesemidefinite.WhenusingaGalerkin
technique[19], thecoefficient of potentialmatrix P in (14) andthe
inductancematrix L in (13), are both positive semidefinite. The
matrix �M f c M f d ! L �M f c M f d ! T is then also positive semidefinite.
Sinceall thethreeblocksof theblock-diagonalmatrix L̂ in (24)are
positivesemidefinite,̂L is positivesemidefinite.Thisconcludesthe
first partof theproof.

To prove thatR̂ in (25) is positivesemidefinitelet uscalculate:

R̂
�

R̂T � �� 2 �M f cM f d ! R �M f cM f d ! T 0 0
0 0 0
0 0 0

�� (26)

The resistancematrix R is positive semidefinite,hencethe sub-
matrix 2 �M f cM f d ! R�M f c M f d ! T is positive semidefiniteandso is

R̂
�

R̂T . SincexT � R̂ � R̂T � x � 2xT R̂x, wecanthenfinally conclude
thatR̂ is positivesemidefinite.

OBSERVATION 1. Whenmodelingthe input impedancesand
the transferfunctionsof a 3D structure, we apply input voltages
at someports,andwemeasure the resultingcurrentson thesame
setof ports,henceweare choosingC � BT in eq(22)and(23).

OBSERVATION 2. From Theorem 1 and from Observation1,
onecan concludethat the formulationin (22)-(25)satisfiesto the
conditionsfor guaranteedpassiveKrylov subspacebasedmodel
reductionin [10].

5. SUMMARY OF OUR PROCEDURE
Wesummarizeherebriefly for theconvenienceof thereaderour

entireproposedprocedurein its final form:

1. First, we discretizeboththevolumesandthesurfacesof the
conductorsanddielectrics.An exampleis shown in Fig. 3.

2. We usea standardGalerkintechnique[19] to constructma-
tricesR

�
L
�
P
�
Pol in eq.(12)to (15).

3. A meshanalysisapproachis usedto constructthe sparse
KVL’s matricesM f c

�
M f d
�
Mpc
�
andMpd in (18). More de-

tails on how to handleconductorsare in [20]. For the di-
electrics,we usea minimum spanningtree to find a setof
independentmeshes.

4. A Krylov subspacebasedmodel reductionalgorithm such
as [10] is then usedto producereducedorder linear sys-
temmodels.At eachstepof thealgorithmthequantity � R̂ �
s0L̂ ! � 1L̂v, couldbecomputedusingfastmatrix vectorprod-
uctsandKrylov subspaceiterativemethods.

5. Thereducedordermodelis thenusedto obtaina plot of the
frequency responseasin Fig. 1, andFig. 4 or to producean
equivalent SPICEcircuit for a time domainsimulationin-
cludingthenon-linearcircuitry.

Theoverallcomplexity of thisprocedureis O
�
NmNlog

�
N �	� , where

Nm is thetotalnumberof momentsmatchedby themodelreduction
algorithmat all frequency expansionpoints. N is the sizeof the
original full linearsystemmodelin (22)-(23),or aboutthenumber
of basisfunctionsusedin thevolumeandsurfacediscretization.

6. A TRANSMISSION LINE EXAMPLE
Two PCBtracesareconsideredin thisexamplein a transmission

line configuration.Tracesarelocatedonoppositesidesof adielec-
tric substrate,andshortedat oneend. Fig 1 shows the frequency
responseof suchtransmissionline structure.In Fig 1 wealsoshow
theresponseof thecalculatedreducedordermodel.
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Figure 1: Reduceorder modeling of a shorted PCB transmis-
sion line. Traces’ dimensionsare 250µm x 35µm x 30cm. A
100µm thick dielectric layer (εr . 4) is presentbetweenthe two
traces. The continuous line is the admittance vs. fr equencyof
the calculated reducedmodel. The circlesare the responseof
the original system.

At thefrequencieswherethefrequency independentkernelin (6)
yields accurateresults,it may alsobe reasonableto neglect mag-
neticcouplingbetweenconductorsanddielectricpolarizationcur-
rents. However thereare caseswhereeven with a non-fullwave



kernelone might observe someeffects of the magneticcoupling
between/ dielectric polarizationcurrentsand conductors. One of
suchcasesis illustratedin Fig. 2. A via is locatedin proximity of
theshortedPCBtransmissionline. Theline is thenexcitedata fre-
quency closeto thefirst quarter-wavelengthresonance.In thissitu-
ationmostof thecurrentclosesits paththroughthedielectriclayer
in the form of polarizationcurrents. If a nearbyvia corresponds
to a quietvictim line, somecouplingcanbeobservedbetweenthe
verticalpolarizationcurrentsandthevia.

Figure 2: Via located near a PCB transmission line. In this
pictur e we do not show the dielectric layer which is locatedbe-
tween the two dark PCB transmission line traces. Shadings
correspond to current density amplitudes. On top we show
the current densitiescorrespondingto the casewheremagnetic
coupling betweenpolarization currents and conductors is ac-
counted for. On the bottom we show the sameexample but
setting Lcd 0 0, Ldc 0 0 and Ldd 0 0 in (13) which corresponds
to neglectingmagneticcoupling betweenpolarization currents
and conductors.

7. MCM INTERCONNECT EXAMPLE
In asecondexample,wehaveappliedourtechniqueto analyzing

twowiresof aninterconnectbusonanMulti-Chip Module(MCM),
asshown in Fig. 3. A dielectriclayer(εr 0 4) is presentunderneath
thetracesandthechips.In Fig. 4 we show thefrequency response
of the two interconnectswhenshortedon onesideanddriven on
the other. We show the frequency responsewith andwithout the
dielectricsubstrate.A significantdifferencein theresonanceposi-
tion canbeobserved.Fig.3 showsthepolarizationvolumecurrents
at thefirst resonancef 0 3 GHz. In Fig. 4 wecomparethereduced

Figure3: Two tracespart of an MCM interconnectsystem(fig-
ure above). A dielectric layer εr 1 4 is presentunderneath the
traces and the chips. The figure below shows the volume po-
larization currents inside the dielectric layer at the 3 GHz res-
onance.For visualization purposes,the axesin this pictur e are
not “to-scale”. Traces are 2cm long, 4mm far apart, 250µm
wide and 40µm thick.

ordermodelto thefull modelfor thecasewhenthedielectricsub-
strateis present.The reducedordermodelhasbeenbuilt match-
ing four momentsaroundeachof the following expansionpoints:
s1 1 j2π 2 100 KHz, s2 1 j2π 2 3 GHz, ands3 1 j2π 2 6 GHz. In
orderto includealsothe point s0 1 0 amongthe otherexpansion
points,a non-singularR̂ in (25) would be necessary. It canbeen
shown [22] thatamatrixof theform suchasin (25) is non-singular
underthe condition that thereare no cut-setsof only capacitors.
Unfortunately, eachnodein our dielectricdiscretizationis sucha
cut-setwhendielectriclossesarenegligible. Therefore,for lossless
dielectricsthepoints0 1 0 cannotbeincludedin themultipointex-
pansionalgorithm,anda non-zerolow frequency expansionpoint
is usedinstead.Fromour experiments,we have observedthat this
expansionpoint restrictionis not interferingwith accuracy. For in-
stancein thisparticularexample,thezerofrequency behavior of the
structurehasbeenaccuratelycapturedasshown in Fig. 5, which is
a magnifiedview of thelow frequency partof theplot in Fig. 4,

8. CONCLUSIONS
In this paperwe describedapplyingthemeshanalysisapproach

to solvingfor thediscretizedcurrentsandchargesin a VIE formu-
lation. We showedthat theapproachleadsto a systemwith prov-
ably positivesemidefinitematrices,makingfor easyapplicationof
Krylov-subspacebasedmodel-reductionschemesto generateac-
curateguaranteedpassive reduced-ordermodels. Several printed
circuit boardexamplesdemonstratedtheeffectivenessof thestrat-
egy.

Arguably, it is temptingto assumethat the VIE approachis a
stepbackward, as it involvesdiscretizingvolumesinsteadof sur-
faces. However, volume integral equationmethodsare usedfor
magneticanalysisof conductorproblems,becauseconductorsoc-
cupy a vanishinglysmallregion of theproblemdomain.Thesame
vanishinglysmalloccupancy argumentcanbemadefor dielectrics
aswell. In addition,sincepolarizationcurrentsarenot“outputs”, it
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Figure4: Admittance vs. fr equencyfor the two tracesin Fig. 3.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
12.742

12.743

12.744

12.745

12.746

12.747

12.748

12.749

frequency [Hz]

MCM interconnects. Zoom at DC.

A
dm

itt
an

ce
 [1

/O
hm

]

mesh analysis, reduced order model
mesh analysis, full model         

Figure 5: Magnified view of the low fr equencypart of the plot
in Fig. 4, to verify that the reducedmodel(continuousline) cap-
tur escorrectly the DC behavior of the original system(circles).

might bepossibleto align themwith a regulargrid. Suchanalign-
mentmight improve the performanceof fastsolvers,suchas the
ConjugateGradientFFT (CGFFT)[23] or Precorrected-FFT[24]
methods.This is animportantconsiderationsincesuchsolversare
requiredwhenusingany integral formulationonmodelswith com-
plicatedgeometries.
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