
EECS 144/244: System Modeling, Analysis, and
Optimization

Continuous Systems
Lecture: Linear Systems

Alexandre Donzé
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Autonomous Systems

So far we worked mostly on systems of the form

System
ẋ = f(t,x)

x(t)

for which we studied existence, unicity, and numerical computation of
solutions.

Question: is this system deterministic ?

Given x0, it produces a unique solution, called flow x(t,x0)
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Systems with Inputs

Closed system System
ẋ = f(t,x)

x(t)

Open loop u(t)
System

ẋ = f(t,x,u)
x(t)

Closed-loop
Plant

ẋ = f(t,x,u)
x(t)

Controller
u(x(t))

Alexandre Donzé: EECS 144/244 – Linear Systems Systems with Inputs 4 / 34



Systems with Inputs

Question
What about existence, unicity, computation of solutions in the presence of
inputs ?

Short answer
OK if F (t,x(t)) = f(t,x(t),u(t)) satisfies the same conditions as before
(continuous, (locally) Lipshitz)

Although, the story is more complex

I Typically inputs are discontinuous (step functions)

I Complex feedback can create algebraic loops resulting in DAEs rather
than ODEs (consult David)
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Some Properties of Interest

u(t)
System

ẋ = f(t,x,u)
x(t)

Stability
For any “reasonable” input u, x does not “explode” in some sense.

Different notions:

I Bounded Input Bounded Output: ∀t, ‖u(t)‖ < Cu ⇒ ∀t, ‖x(t)‖ ≤ Cx

I Globally asymptotic: ∀x(0), limt→∞ x(t) = 0

I etc

Controllability
Can we find an input u that drives the system to some goal state ?

Observability
Given u and y, can we “reconstruct” the state x ?

For linear systems, these questions are well understood
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Alexandre Donzé: EECS 144/244 – Linear Systems Systems with Inputs 6 / 34



Some Properties of Interest

u(t)
Plant
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Linear Functions

A linear function is a mapping which satisfies :

1. Additivity: f(x+ y) = f(x) + f(y)

2. Scaling: f(λx) = λf(x)

or equivalently,

∀α, β, f(αx+ βy) = αf(x) + βf(y)

What is f(0) ? f(0) = f(x− x) = f(x)− f(x) = 0

Linear functions from R to R ? f(x) = a · x
Linear functions from Rn to Rm ? f(x) = Ax where A is an m×n matrix.
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Linear Systems

Linear dynamical systems

x(0)
System
ẋ = Ax

x(t)
The flow x(t,x0)is a linear function of

x0

Linear control systems

System

ẋ = Ax+Bu

y = Cx+Du

The output y(t,x0 = 0,u) is a linear function of u
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Principle of Superposition

u(t) Linear System y(t)

Allows to characterize infer sets of behaviors from typical simple inputs

I Step signals u(t) = 1(t)

I Sinusoidal signals u(t) = A sin(ωt)

Alexandre Donzé: EECS 144/244 – Linear Systems Linear Systems 10 / 34



Principle of Superposition

αu1(t) + βu2(t) Linear System αy1(t) + βy2(t)

Allows to characterize infer sets of behaviors from typical simple inputs

I Step signals u(t) = 1(t)

I Sinusoidal signals u(t) = A sin(ωt)
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Remarks

u(t)

System

ẋ = Ax+Bu

y = Cx+Du

y(t)

I This a Linear Time Invariant (LTI) system - in the general case, A, B, C, D
can be function of t (possibly non-linear)

I If x0 6= 0, the system is not linear, strictly speaking. However, it is affine

I So is f(x,u) = Ax+Bu, by the way.
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Example

Is this system linear ?
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Solutions of Linear Systems

Recall that ẋ = Ax, x(t = 0) = x0

admits the solution x(t) = eAtx0

Where eAt is matrix exponentiation

etA = In +A+
t2

2!
A2 +

t3

3!
A3 + . . .

The stability depends on the Eigenvalues of A
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Eigenstructure of Linear Systems
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Step response for LTI systems

u(t) =

{
O t = 0
1 t > 0

Equivalent to ż = Az with z = x+A−1B
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Piecewise Constant Inputs

Superposition of step responses
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LTI Systems Solution
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Matlab Tools for Linear Systems
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Controllability
Consider the SISO LTI system:

ẋ = Ax+Bu x ∈ Rn, u ∈ R
y = Cx+Du y ∈ R

is controllable if there exists u(t) such that x(0) = x0 and x(T ) = x.

Note

I In , controllability is referred to as reachability

I Controllability enables the more general problem of tracking
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Controllability Matrix

The controllability matrix for a linear system is given by:

Wr =
[
B AB · · · An−1B

]
.

A linear system is controllable if and only if the controllability matrix is
invertible

Note

I In the general MIMO case, the condition becomes Wr has rank n

I Very simple test to do (e.g. in Matlab, concat matrices, run rank)
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Example: Linearized pendulum on a cart

Note here u is F .
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Example: Linearized pendulum on a cart (cont’d)
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State Feedback

A state feedback law has the form u = −Kx+ krr where r is the
reference value for the output.

The closed loop dynamics for the system are given by

ẋ = (A−BK)x+Bkrr.

The stability of the system is determined by the stability of the matrix
A−BK. The equilibrium point and steady state output are given by

xe = −(A−BK)−1Bkrr ye = Cxe.

Choosing kr as kr = −1/
(
C(A−BK)−1B

)
gives ye = r.
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ẋ = (A−BK)x+Bkrr.

The stability of the system is determined by the stability of the matrix
A−BK. The equilibrium point and steady state output are given by

xe = −(A−BK)−1Bkrr ye = Cxe.

Choosing kr as kr = −1/
(
C(A−BK)−1B

)
gives ye = r.
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Controllability

If a system is controllable, then there exists a feedback law of the form

u = −Kx+ krr

the gives a closed loop system with an arbitrary characteristic polynomial.

Hence the eigenvalues of a controllable linear system can be placed
arbitrarily through the use of an appropriate feedback control law.
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Limits of poles placement

Saturation of inputs, transient behaviors, etc.

Popular state feedback control laws in practice:

PID controller

u(t) = kpe(t) + ki

∫ t

0
e(τ) dτ + kd

de

dt
,

where e(t) is the difference between y(t) and the reference value r(t).

Linear quadratic regulator
Minimizes

J̃ =

∫ ∞
0

(
xTQxx+ uTQuu

)
dt.

for (user)-given matrices Qx and Qu.
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Laplace Transform

The Laplace Transform of a function f : R+ → R is the function
F = L{f} : C→ C such that

∀s ∈ C, F (s) = L{f}(s) =
∫ ∞
0

e−stf(t)dt

Main properties:

I Linear: L{af + bg} = aL{f}+ bL{g}
I Derivative: L{dfdt}(s) = s · L{f} − f(0)

In particular, if f(0) = 0, we get L{dfdt} = sF (s)
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Solving differential equations with Laplace Transform

dny

dtn
+ a1

dn−1y

dtn−1
+ · · ·+ any = b0

dmu

dtm
+ b1

dm−1u

dtm−1
+ · · ·+ bmu

Assuming that initial conditions are 0 and applying the Laplace transfom, we get:

(sn + a1s
n−1 + · · ·+ an)Y (s) = (b0s

m + b1s
m−1 + · · ·+ bm)U(s)

We note d(s) = (sn+a1s
n−1+ · · ·+an) and n(s) = (b0s

m+ b1s
m−1+ · · ·+ bm).

Y (s) =
n(s)

d(s)
U(s) = H(s)U(s)

H(s) is called the transfer function of the system
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Transfer Functions and State space representation

More generally, the transfer function for a linear system (A,B,C,D) is
given by

H(s) =
n(s)

d(s)
= C(sI −A)−1B +D, s ∈ C

I the roots of d(s) are called the poles of the system and correspond to
the eigenvalues of the dynamics matrix A

I the roots of the polynomial b(s) are called the zeros of the system
and correspond to exponential signals whose transmission is blocked
by the system.
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Transfer functions and block diagram Algebra
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Transfer functions and block diagram Algebra
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Usual Transfer Functions
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