Nyquist Data Converter Testing and Yield Analysis using Behavioral Simulation �

Edward W. Y. Liu Alberto L. Sangiovanni-Vincentelli

Department of EECS, University of California, Berkeley, CA 94720

Abstract

This paper presents a strategy for testing all DC performance of Nyquist data converters including offset error, full scale gain error, integral nonlinearity, and differential nonlinearity. In contrast to previous testing strategies based on linear models that require accurate measurements of circuit performance, our strategy uses a simpler measurement to verify that a circuit performance parameter falls within certain detection thresholds in the presence of measurement noise. Using the proposed strategy, we can evaluate tradeoffs between test set size, test coverage, detection thresholds, measurement noise, chip performance, and estimated yield. Our results support the obvious that smaller measurement noise, stricter detection thresholds, and lower chip performance would require smaller test set and reduce test time. Stricter detection thresholds, on the other hand, would decrease estimated yield.

1 Introduction

Data converters are commodity products, yet their testing is very expensive. Test engineers use expensive equipment to take accurate measurements against background noise to characterize converters over a variety of operating conditions such as temperature and supply ranges. Furthermore, engineering time needed to develop unique test software for each product adds substantially to the overall testing cost.

A behavioral model that captures the converter behavior can provide critical information for design engineers to evaluate the testability of the design at an early design stage and for test engineers to choose the optimum testing strategy after design. From the information contained in the behavioral model, engineers can evaluate the tradeoffs between test set size,test coverage,detection thresholds, measurement noise, chip performance, and estimated yield. To achieve this goal, we propose a new converter testing strategy for data converters from a behavioral model[1]. We present previous work in Section 2, a new testing strategy in Section 3, a yield analysis algorithm in Section 4, and experimental results in Section 5.

2 Previous Work

In [2, 3] a linear model for data converters along with a test selection strategy was presented. The model for an N bit A◁D converter represents the 2^N − ∞ ⊔∇⊣\∫⟩⊔⟩≀\ √≀⟩\⊔∫ ≀{ ⊔⟨⌉ ⌋≀\⊑⌉∇⊔⌉∇ ⊣∫ ⊣ ↕⟩\⌉⊣∇ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋≀⇕√≀\⌉\⊔ ⌉∇∇≀∇∫⇔ t = Svv (1) where t is an 2^N − ∞↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ⊑⌉⌋⊔≀∇ ⊔⟨⊣⊔ ∇⌉√∇⌉∫⌉\⊔∫ ⊔⟨⌉ ⊔∇⊣\↖ ∫⟩⊔⟩≀\ √≀⟩\⊔∫⇔ v is an mdimensional vector that represents the �This project is supported by the Semiconductor Research Corporation under

grant 92-DC-008. Its support is gratefully acknowledged.

component errors, and S v is the 2 N − ∞ ⌊† m sensitivity matrix with full column rank▷ Assuming no measurement noise only m linearly independent test points are required to estimate the m model coefαcients▷ The objective is to αnd the optimal subset of the full set of 2^N − ∞ ⊔⌉∫⊔ √≀⟩\⊔∫ ⊔⟨⊣⊔ ⇕⟩\⟩⇕⟩‡⌉∫ ⊔⟨⌉ √∇⌉⌈⟩⌋⊔⟩≀\ ⊑⊣∇⟩⊣\⌋⌉ ≀{ m▷ This problem falls in the category of Optimal Design of Experiments▷ It has been shown under the DOptimality criterion♭4♯ that in the limit where the number of test points is large an optimal selection is S0_{v an m by m matrix formed by selected rows of Sv▷ The m} model coefαcients v are then computed as v = [S0_v]�1t0 (2)

where t0 are the selected measurements. Under this criterion, the prediction variance of v is minimized by maximizing |S0^T_v S0_v| ⊒⟨⌉∇⌉ | · | ⟩∫ ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⊣\⊔↙ W⟨⟩↕⌉ ⊔⟨⌉ D↖O√⊔⟩⇕⊣↕⟩⊔† ⌋∇⟩⊔⌉∇⟩≀\ }⟩⊑⌉∫ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\⇔ ⊔⟨⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⌋≀⇕√↕⌉§⟩⊔† √∇⌉⊑⌉\⊔∫ ⟩⊔∫ ⊓∫⌉ {≀∇ ↕⊣∇}⌉ ⇕≀⌈⌉↕∫↙ S⊔⌉\⌊⊣‖‖⌉\∪▽⊎ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⊣ \⌉⊣∇ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓↖ ⊔⟩≀\ ⌊⊣∫⌉⌈ ≀\ QR {⊣⌋⊔≀∇⟩‡⊣⊔⟩≀\ ⊒⟩⊔⟨ √⟩⊑≀⊔⟩\}↙ T⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊘∇∫⊔ ⌋⟨≀≀∫⌉∫ ⊔⟨⌉ ∇≀⊒ ≀{ Sv with the largest norm orthogonalizing all remaining rows to it using a modiαed GramSchmidt orthogonal ization procedure then choosing the row of largest norm of those remaining and repeating the process▷ The algorithm records the row indices during pivoting and chooses the m pivot rows of the initial Sv for S 0_v▷ The main drawback of the previous testing strategy for data converters lies in the difαculty of making accurate measurements▷ For example an A◁D produces a discrete output code from a continuous input▷ Under the previous testing strategy we measure the transitions between adjacent output codes using a bisection search algorithm♭6♯▷ In this algorithm we guess initial lower bound t l(i), and upper bound, tu(i), for the transition t(i). If

the outputs of the converter for tl(i) and tu(i) are o1 ≤ i and o2 ≥ i + 1, respectively, then t(i) must lie within the bounds. By moving the bounds closer iteratively until convergence, we can determine t(i) up to an accuracy limited by the measurement noise. Because the algorithm has complexity of O(log2( 1_α )), where α is the required accuracy in fraction of the smallest step size ↼LSB↽ we need many iterations requiring long test time for accurate measurements▷ Moreover measurement noise poses a signiαcant problem be cause it corrupts the estimated parameters▷ To reduce measure ment noise problems Hemink♭7♯ presented algorithms for testa bility analysis and optimal test selection in the presence of mea surement noise▷ On the other hand Souders♭8♯ proposed adding more test points to reduce noise effects by creating an overdeter mined system of equations to be solved by least square techniques▷ Although additional test points reduce noise effects no algorithm has been presented so far for determining the number of extra tests needed or selecting the additional tests based on the amount of measurement noise▷

Another drawback of the previous approach is the large amount of computation required for solving the system of equations for each chip under worst case operating conditions such as temper ature and supply extremes▷ Also the lack of consideration for tradeoffs between test set size chip performance test coverage and yield reduces the usefulness of the previous strategies▷ 3 New Testing Strategy Data converters are binned with respect to their performance and sold at prices accordingly, therefore we need a strategy to tradeoff tested chip performance and test costs as well as other parameters such as test coverage measurement noise and es timated yield▷ Decreasing test coverage smaller measurement noise stricter detection thresholds and lower chip performance would require smaller test set and less test time▷ Stricter detection thresholds on the other hand would decrease estimated yield▷ An optimal choice of these parameters will lead to the most cost effec tive testing solution▷ In this section we present a testing strategy that allows tradeoffs between these parameters▷ Our strategy focuses on testing all DC performance of Nyquist data converters including offset error full scale gain error integral nonlinearity and differential nonlinearity▷ To achieve this goal we present in the next section a behavioral model♭1♯ for data converters that is useful for testing DC performance▷ 3▷1 Behavioral model for data converters 3▷1▷1 Model derivation A memoryless Nyquist A◁D operating at a certain environment such as αxed sampling frequency and temperature can be described by its transfer curve which plots the output code on the range against the input continuous value on the abscissa▷ Assuming an A◁D has N bits of resolution is designed to be monotonic and has no missing codes the transfer curve can be characterized by 2^N − ∞ ∇⌉⊣↕ \⊓⇕⌊⌉∇∫ ⟩\ ⊣ ⊑⌉⌋⊔≀∇⇔ t representing the values of the transition points t(i), i = 1 . . . 2^N − ∞↙ D⊓⌉ ⊔≀ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ √∇≀⌋⌉∫∫ ⊑⊣∇⟩⊣⊔⟩≀\∫⇔ ⊔⟨⌉ ⊔∇⊣\∫{⌉∇ ⌋⊓∇⊑⌉ t has a statistical distribution▷ Due to noise an A◁D produces a wrong output with a nonzero probability▷ For example if the input is near a transition point the probability of getting a wrong output code the code at the other side of the transition point is nonzero▷ As a result the noise effects depend on the input and they become more signiαcant as the input gets closer to a transition point▷ Mathematically this is represented by a probability distribution function of the output codes for any input value▷ Our behavioral model captures this noise effect by a joint probability density function of the input Vin and the output code for a given realization of the transfer curve ψt f(code, Vin, ψt) (3) From the above equation, which describes the behavior of any memoryless A/D due to noise and process variations completely, we can extract all information about the converter.

In our model, noise and process variation effects are separated. The distribution t captures process variation effects while the joint density function f(·) captures noise effects. The function f(·) is computed using either direct techniques[9] or Monte Carlo techniques. The process variation effects can be derived by making assumption:

Assumption 3.1 Process variations are the cumulative effects of many integrated circuit fabrication steps. Thus, according to the Central Limit Theorem in probability theory, the distribution of the process variations, v is approximately multivariate normal▷

Next we propose a Gaussian model as well as a nonGaussian model for the distribution t▷ The Gaussian model is derived from making the following assumption. Assumption 3▷2 In general an A◁D is designed to be insensi tive to process variations which are relatively small▷ Thus the transition points t change relatively little with respect to process variations▷ Hence we assume that t changes linearly with respect to the process variations. t = ∂t ∂v v + μt (4) where v is a random vector of parameters corresponding to pro cess variations such as offsets and mismatches in components and ∂t ∂v is a sensitivity matrix▷ From assumption 3▷1 and ↼4↽ the covariance matrix of t is given by Σt = ∂t ∂v Σv ∂t ∂v T (5) where Σv is the covariance matrix of v▷ Thus the distribution of t is t ∼ normal(μt, Σt) (6) In general, the rank rt of Σ t is much less than full rank since not all the transition points are independent▷ In other words any realization of t must fall into a space spanned by rt independent basis vectors▷ A set of such independent basis vectors can be found by the singular value decomposition of Σ t▷ Mathematically Σt = UtΣctU^T_t (7) where Ut is an 2^N − ∞ § rt transformation matrix Σ ct is an r t x rt diagonal matrix and r t is the rank of Σ ct▷ The columns of U t are called the error signatures ♭3♯ and form a set of orthonormal vectors spanning the error space▷ For storage and computational efαciency t is expressed as the following equation instead of ↼4↽ t = Utct + μt (8) where ct ∼ normal(0, Σct) is a small, zero mean multivariate normal distribution with r statistically independent variates▷ The parameters Ut and μ t are unique for each A◁D architecture while the distribution c represents a mixture of the relevant process variations▷ Summarizing our entire Gaussian A◁D model consists of three equations f(code, Vin, ψt), ψt = realization(t) (9) t ∼ normal(μt, Σct) = Utct + μt (10) ct ∼ normal(0, Σct) (11) After presenting the complete A/D model, we develop a similar D/A model using the same strategy. The resulting Gaussian D/A model is, t = Utct + μt + z (12) ct ∼ normal(0, Σct) (13) z ∼ normal(0, Σz) (14) where t is an ndimensional vector and z is an ndimensional vector representing additive noise in D◁A outputs▷

3▷1▷2 Calculation of system performance Using the converter models we propose a strategy to calculate system performance▷ The performance of a converter is computed in two steps▷ First the converter model parameters are extracted from the circuit▷ Then the converter performance is computed us ing only the model parameters since the model completely capture the converter behavior▷ The advantage of this strategy is that the model parameters are only extracted once but used many times to calculate system performance▷ The following deαnitions illustrate how system performance parameters can be computed from the proposed D◁A model parameters▷ Deαnition 3▷1 The ideal output vector L of a D◁A converter is an ndimensional vector where the i^{th} component of L L(i), represents the desired output for input code i n = 2^N and N is the number of bits▷ Deαnition 3▷2 The output vector t of a D◁A converter is an n dimensional vector where the i^{th} component of t t(i), is the output for input code i▷ Theoretically t is sufαcient to describe the converter behavior due to process variations▷ Nevertheless designers traditionally used a different set of speciαcations which can be derived easily from t▷ All of them are described as follows Deαnition 3▷3 Offset error is t(1) − L(1). Deffnition 3.4 Full scale gain error is t(n)−L(n)+L(1)−t(1).

The integral nonlinearity is the deviation of the output from the ideal value after compensation for the gain and offset errors.

Deffnition 3.5 The integral nonlinearity vector, s of a D◁A con verter is an ndimensional vector s(i) = at(i) + b − L(i) (15)

where a, b are constants such that s(1) = s(n) = 0.

Intuitively, Deffnition 3.5 means that we transform t using con stants a and b such that the two endpoints are ideal▷ In this case we have adopted the endpoint method for linear error compensation♭10♯▷ The motivation behind the transformation is to compensate for the offset and gain errors before calculation of nonlinearity▷ In many applications offset and gain errors are irrelevant as they do not contribute to distortion▷ Lemma 3▷1 Integral nonlinearity is given by s(i) = [ L(n) − L(1) t(n) − t(1) ] (t(i) − t(1)) + L(1) − L(i) (16)

The sensitivity of the integral nonlinearity to output vector is given by

∂s ∂t (i, j) = (L(n)�L(1))(t(i)�t(n))

(t(n)�t(1))2 i ≠ 1, n j = 1 0 i ≠ 1, n j ≠ 1, i, n L(n)�L(1) t(n)�t(1) i ≠ 1, n j = i 0 i = 1, n j = 1 . . . n (L(n)�L(1))(t(1)�t(i))

(t(n)�t(1))2 i ≠ 1, n j = n

(17)

Proof. Solving for a, b using constraints in Deαnition 3▷5 yield ↼16↽▷ Equation ↼17↽ follows from differentiation of ↼16↽▷ Using a αrst order Taylor approximation of s as a function of t s ≈ ∂s ∂t (t − μt) + μs = ∂s ∂t Utct + μs (18) we ffnd the integral nonlinearity has distribution, s ∼ normal(μs, Σs) (19) where μs = s(t), at t = μt using ↼16↽ and Σ s =^{∂s}_{∂t} Σt^{∂s}_{∂t}^T at s = μs▷ Similar to ↼6↽ the rank r s of Σ s is much less than full rank since not all the INL errors are independent▷ Any realization of s must fall into a space spanned by rs independent basis vectors▷ A set of such independent basis vectors can be found by the singular value decomposition of Σ s▷ Mathematically Σs = UsΣcsU^T_s (20) where Us is a 2^N x r s transformation matrix Σ cs is an r s x r s diagonal matrix and r s is the rank of Σ cs▷ The columns of U s are called the INL signatures and form a set of orthonormal vectors spanning the INL space▷ For storage and computational efαciency s is expressed as the following equation s = Uscs + μs (21) where cs ∼ normal(0, Σcs) is a small, zero mean multivariate normal distribution with rs statistically independent variates▷ Besides INL designers are also interested in differential non linearity DNL deαned as follows Deαnition 3▷6 The differential nonlinearity vector d of a D◁A converter is an n − ∞↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ⊑⌉⌋⊔≀∇ ≀⌊⊔⊣⟩\⌉⌈ ⌊† ⊣ ⊘∇∫⊔ ≀∇⌈⌉∇ ⌈⟩{{⌉∇⌉\⌋⌉ ≀{ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ \≀\↕⟩\⌉⊣∇⟩⊔† s▷ d = D+s (22) where D+ is an n − ∞ ⌊† n matrix called the αrst order difference operator D+(i, j) = { −∞ i = j 1 i = j − ∞ ′ else (23)

As DNL is a linear transformation of INL, most results related to INL carry over to DNL immediately. For instance, the differential nonlinearity has distribution, d ∼ normal(μd, Σd) (24) where μd = D+s Σd = D+ΣsD^T_+. Any realization of d must fall into a space spanned by rd independent basis vectors which can be found by the singular value decomposition of Σ d▷ Mathe matically Σd = UdΣcdU^T_d (25) where Ud is an 2^N − ∞ § rd transformation matrix Σ cd is an r d x r d diagonal matrix and r d is the rank of Σ cd▷ The columns of Us are called the DNL signatures and form a set of orthonormal vectors spanning the DNL space▷ For storage and computational efαciency d is expressed as the following equation d = Udcd + μd (26) where cd ∼ normal(0, Σcd) is a small, zero mean multivariate normal distribution with rd statistically independent variates▷

The model proposed in ♭3♯ is deterministic and hence does not represent statistical effects▷ We represent electronic noise as well as process variation effects▷ Moreover our model has distribu tions for INL and DNL▷ We will show that these are essential to developing a testing strategy that tradeoffs between test set size test coverage detection thresholds measurement noise chip per formance and estimated yield▷ 3▷2 Measurement and Detection Threshold As mentioned in Section 2 previous testing strategies♭3 7♯ have difαculty in accurate measurements of circuit performance such as A◁D converter transition points in the presence of mea surement noise▷ To circumvent the problem we propose a simpler measurement that is robust against noise▷ In contrast to the tradi tional approach where the exact value of a performance parameter such as a transition point is measured we verify that a circuit performance parameter falls within certain detection thresholds in the presence of measurement noise▷ For example the test for A◁D converter transition point t(i), consists of only two A/D con- versions for input thresholds tl(i) and tu(i). A successful test corresponds to outputs of the converter for tl(i) and tu(i) being ol ≤ i and ou ≥ i + 1, respectively. In this case, the transition point plus uncertainty due to noise, t(i) + δ will lie within the range given by (tl(i), tu(i)), where δ is the uncertainty due to noise▷ As a result the following inequalities hold tl(i) ≤ t(i) + δ ≤ tu(i), (27) tl(i) − δ ≤ t(i) ≤ tu(i) − δ, (28) tl(i) − max(δ) ≤ t(i) ≤ tu(i) − min(δ). (29) Assuming noise δ falls in the range of (−Δ, Δ), t(i) satisffes the following inequality in the presence of measurement noise (Figure 1), tl(i) − Δ ≤ t(i) ≤ tu(i) + Δ. (30)

Figure 1: Detection thresholds

3.3 Testing Gain and Offset Errors

Successful tests for gain and offset errors establish bounds on these parameters. Gain and offset errors (Deffnitions 3.3 and 3.4) are linear functions of the ffrst and last transition points, t(1) and t(n), respectively. We can establish bounds on these errors by choosing tight bounds such as tl(1), tu(1), tl(n), and tu(n). For example, bounds on offset error, Vos and full scale gain error Vge are tl(1) − Δ − L(1) ≤ Vos ≤ tu(i) + Δ − L(1), (31) tl(n) − L(n) + L(1) − tu(1) − ∈Δ ≤ Vge, (32) Vge ≤ tu(n) − L(n) + L(1) − tl(1) + 2Δ. (33) 3.4 Testing Nonlinearity Errors

Successful tests for integral and differential nonlinearity establish bounds on these parameters for all inputs. For a 10 bit converter, there are a total of 1024 possible inputs. Fortunately, it sufffces to test a subset, T of the set of all inputs S due to correlations between outputs of data converters▷ That is we can establish bounds on all nonlinearity errors by performing tests in T ▷ We can bound integral and differential nonlinearities for indi vidual inputs using the proposed measurement scheme▷ The user speciαes the INL test threshold sb from which we compute the needed test input thresholds using the following equations▷ From ↼16↽ and ↼30↽ we derive inequalities for the integral nonlinearity s(i), sl(i) ≤ s(i) ≤ su(i), (34) where sl(i) = [ L(n) − L(1) tu(n) − tl(1) + 2Δ ] (tl(i)−tu(1)−∈Δ)+L(1)−L(i), (35) su(i) = [ L(n) − L(1) tl(n) − tu(1) − ∈Δ ] (tu(i)−tl(1)+2Δ)+L(1)−L(i), (36) sl(i) = −sb su(i) = sb and s b is the INL threshold in the presence of noise▷ We use ↼35↽ and ↼36↽ to compute the test inputs tl(i) and tu(i) where i ∈ ∈ . . . 2^N − ∈↙ A∫ ⊣ ∇⊓↕⌉⇔ ⊔⟨⌉ ⊔⟨∇⌉∫⟨≀↕⌈⇔ sb should be set as follows sb = s0_b + 2Δ, (37) where s0_b is the INL threshold for ideal noiseless measurements due to the following approximations sl(i) ≈ (tl(i) − tu(1) − ∈Δ) + L(1) − L(i) ≈ −s0_b − ∈Δ (38) su(i) ≈ (tu(i) − tl(1) + 2Δ) + L(1) − L(i) ≈ s0_b + 2Δ (39) The approximations show a linear dependenceof the threshold, sb on noise and help designers set the INL threshold based on noise estimates▷ Notice that ↼38↽ and ↼39↽ are only used as a rule for designers▷ In testing we use the exact inequalities ↼35↽ and ↼36↽ to compute the test inputs t l(i) and tu(i) where i ∈ ∈ . . . 2N − ∈↙ S⟩⇕⟩↕⊣∇ ⌉§⊣⌋⊔ ⟩\⌉∐⊓⊣↕⟩⊔⟩⌉∫ ⇐∋▽⇒ ⊣\⌈ ⇐∋⇏⇔ ⊣\⌈ ⊣√√∇≀§⟩⇕⊣⊔⌉ ⟩\⌉∐⊓⊣↕↖ ⟩⊔⟩⌉∫ ⇐∋∀⇒ ⊣\⌈ ⇐∋∃⇒ ⌋⊣\ ⌊⌉ ⌈⌉∇⟩⊑⌉⌈ {≀∇ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ \≀\↕⟩\⌉⊣∇⟩⊔†↙

∋↙▽ T⌉∫⊔ S⌉↕⌉⌋⊔⟩≀\ {≀∇ N≀\↕⟩\⌉⊣∇⟩⊔† E∇∇≀∇∫ E⊣⌋⟨ ∫⊓⌋⌋⌉∫∫{⊓↕ ⊔⌉∫⊔ i establishes upper and lower bounds on s(i). Due to correlations between the transition points (Section 3.1), INL at other points may also be bounded. In test selection, we choose the best subset, T of test points S such that all untested INLφs are bounded by a maximum INL performance sm▷ Let U be the set of unbounded INL▷ Test coverage is deαned as 1 − |U| |S| (40) where | · | ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ⌋⊣∇⌈⟩\⊣↕⟩⊔† ≀{ ⊣ ∫⌉⊔↙ F⊓↕↕ ⌋≀⊑⌉∇⊣}⌉ ∇⌉{⌉∇∫ ⊔≀ ⊔⟨⌉ ⌋⊣∫⌉ ⊒⟨⌉∇⌉ U is empty and hence test coverage is one▷ We formulate the test selection problem as follows▷ Let Δ be the magnitude of the measurement noise in ↼30↽ sm be the speciαed maximum INL performance s 0b be the INL threshold in the absence of noise s b = s0b + 2Δ be the INL threshold in the presence of noise T be the test set choose the minimum T such that − sm ≤ −sb ≤ s(i) ≤ sb ≤ sm, i ∈ T (41) − sm ≤ s(i) ≤ sm, i ∉ T (42) where s is given by a linear transformation of some independent variables in ↼21↽ s = Uscs + μs (43) where cs ∼ normal(0, Σcs) is a zero mean multivariate normal distribution with rs statistically independent variates▷ Due to linear dependence we use linear programming♭6♯ to check the bounds on untested INL s(i), in (42). We formulate the problem as follows. We check that max_{cs} s(i) ≤ sm, i ∉ T (44) min_{cs} s(i) ≥ −sm, i ∉ T (45) such that − sb ≤ s(j) ≤ sb, j ∈ T (46) − k √ Σcs(i, i) ≤ cs(i) ≤ k √ Σcs(i, i), i = 1 . . . rs, (47) where k is a user speciαed parameter to limit the distribution cs▷ The limit prevents signatures with small magnitudes from being scaled unrealistically with unbounded c s in the linear program▷ Typically we choose k = 5 for a 10σ statistical limit▷ If cs is unbounded then the statistical information provided by the distribution of c s is lost▷ In a different context of delay fault testing♭11♯ a similar prob lem formulation has been applied to check bounds on delays of digital circuits▷ In both formulations the problems seem to be analytically intractable▷ For example the simpler problem of checking whether |T | ⊔⌉∫⊔∫ √∇≀⊑⟩⌈⌉ ∫⊓{⊘⌋⟩⌉\⊔ ⌊≀⊓\⌈∫ ≀\ s would require an exponential complexity of O(|S − T |∈^b). (48) where the exponential dependence is due to the linear programming step and b = ( |S| |T | ) / [~√~ ( x y ) ]√ [~ {⌉^~√ }~ ∐√ y objects can be chosen from x different objects▷ As a result the optimum test selection problem is likely in tractable▷ Thus we propose a heuristic solution▷ First we rank the tests according to the algorithm proposed in ♭5♯ based on QR factorization with pivoting▷

• ⇐⊣⇒ C⟨≀≀∫⌉ ⊔⟨⌉ ∇≀⊒ ≀{ Us with the largest norm • ⇐⌊⇒ O∇⊔⟨≀}≀\⊣↕⟩‡⌉ ⊣↕↕ ∇⌉⇕⊣⟩\⟩\} ∇≀⊒∫ ⊔≀ ⟩⊔ ⊓∫⟩\} ⊣ ⇕≀⌈⟩⊘⌉⌈ G∇⊣⇕↖S⌋⟨⇕⟩⌈⊔ ≀∇⊔⟨≀}≀\⊣↕⟩‡⊣⊔⟩≀\ √∇≀⌋⌉⌈⊓∇⌉⇔ • ⇐⌋⇒ C⟨≀≀∫⌉ ⊔⟨⌉ ∇≀⊒ ≀{ ↕⊣∇}⌉∫⊔ L2norm of those remaining • ⇐⌈⇒ R⌉√⌉⊣⊔ ⇐⌊⇒ ⊣\⌈ ⇐⌋⇒ ⊓\⊔⟩↕ ⊣↕↕ ∇≀⊒∫ ⊣∇⌉ ⌋⟨≀∫⌉\⇔ • ⇐⌉⇒ R⌉⌋≀∇⌈ ⊔⟨⌉ ∇≀⊒ ⟩\⌈⟩⌋⌉∫ ≀{ ⊣↕↕ ⌋⟨≀∫⌉\ ∇≀⊒∫⇔ ⊣\⌈ ↕⟩∫⊔ ⊔⟨⌉⇕ ⟩\ ⊔⟨⌉ ≀∇⌈⌉∇ ⊔⟨⌉† ⊒⌉∇⌉ ⌋⟨≀∫⌉\↙ A∫ ⊣ ∇⌉∫⊓↕⊔⇔ ⊒⌉ √∇≀⌈⊓⌋⌉ ⊣ ↕⟩∫⊔ ≀{ INL≃∫ ⊒⟩⊔⟨ ⌈⌉⌋∇⌉⊣∫⟩\} ≀∇⌈⌉∇ ≀{ ⟩⇕√≀∇⊔⊣\⌋⌉ ⊒⟨⌉∇⌉ ⊔⟨⌉ j^{th} item on the list is s(i). Next, we use the following algorithm to ffnd T ▷ • ⇐⊣⇒ L⌉⊔ j = 1, and T be empty▷ • ⇐⌊⇒ I{ j is larger than the number of test points done▷ • ⇐⌋⇒ P⟩⌋‖ ⊔⟨⌉ j^{th} item on the list s(i). Check s(i) for bounds speciffed in (42) using linear programming. • ⇐⌈⇒ I{ ⊔⟨⌉ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇕⟩\} ⟩∫ ⟩\{⌉⊣∫⟩⌊↕⌉⇔ ∐⊓⟩⊔ ⌈⊓⌉ ⊔≀ √⌉∇{≀∇⇕⊣\⌋⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊔≀≀ ⊔⟩}⟨⊔↙ • ⇐⌉⇒ I{ ⊔⟨⌉ ⌊≀⊓\⌈∫ ⊣∇⌉ \≀⊔ ∫⊣⊔⟩∫⊘⌉⌈⇔ ⊣⌈⌈ i to T ▷ • ⇐{⇒ j = j + 1 and go to (b).

Unless the speciffed performance is infeasible, the algorithm guarantees full coverage since every INL is either bounded or constrained by a test. To tradeoff test size against coverage, the algorithm should stop after a certain coverage is achieved.

4 Yield Analysis Yield, Y is deαned as the ratio of the number of chips work ing correctly to the total number of chips▷ Using our behavioral model we compute Y by integrating the distribution of perfor mance speciαcations under user speciαed bounds▷ For example if we use only the INL speciαcations we have Y = ∫ R1 f(s)ds (49) where f(s) is the probability density function of s and R1 . −sm ≤ s(i) ≤ sm, i ∈ S (50) As a lower bound on Y the estimated yieldψY is the ratio of the number of chips passing all tests under our proposed strategy to the total number of chips▷ Notice that the difference between Y and ψY Y ψY corresponds to the fraction of working chips that did not pass the detection thresholds and labeled failed▷ To minimize this waste of working chips we would like to minimize the difference while using a strict enough threshold for a small test set▷ Assuming the chip passes gain and offset error tests estimated yield due to INL tests is given by ψY = ∫ R2 f(s)ds (51) where f(s) is the probability density function of s and R2 . −s0_b ≤ s(i) ≤ s0_b, i ∈ T (52)

Equation (51) supports the obvious that stricter test thresholds would decrease estimated yield, thus increasing the fraction of working chips thrown away. On the other hand, it will be shown (Section 5) that strict test thresholds would decrease test set size. Thus, yield analysis for a particular test set and thresholds provides critical information for engineers to improve design and to choose the optimal testing strategy.

We estimate yield using Monte Carlo integration according to the following algorithm. • ⇐⊣⇒ i = j = 0, and k is the number of samples▷ • ⇐⌊⇒ G⌉\⌉∇⊣⊔⌉ ⊣ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ cs ψcs from the distribution of cs using a random number generator▷ • ⇐⌋⇒ C≀⇕√⊓⊔⌉ ⊣ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ s ψs using ↼21↽ and ψcs▷ • ⇐⌈⇒ C⟨⌉⌋‖ ⟩{ ←s is in R using ↼52↽▷ If so j = j + 1. • ⇐⌉⇒ i = i + 1. If i < k go to ↼b↽ else done▷ Estimated yieldψY is then computed asψY =^j_k ▷ Because Monte Carlo integration is used our estimate ψY improves with the number of trials k▷ The variance of our estimate is inversely proportional to k2▷ 5 Experimental Results We have applied the new strategy to the automatic test genera tion for a 10 bit currentswitched interpolative D◁A♭12♯ shown in Figure 2▷ We used a bottomup veriαcation strategy♭13♯ to com pute the D◁A behavioral model parameters from SPICE netlist and expected process variation parameters▷ Behavioral simulation of the D◁A and automatic test generation have been integrated into a single software package to facilitate designfortestability▷

Figure 2. 10 bit currentswitched interpolative D◁A architecture Using the proposed testing strategy we αrst determined the tradeoff between maximum INL performance sm and test set size ↼Figure 3↽ for s 0b = 1.5 LSB Δ = 0.1 LSB and full cover age▷ Notice that test set size varies inversely with INL as expected▷ Also the size drops below the rank of 38 for INL larger than 3▷2 LSB where the rank is the number of INL signatures▷ This oc curs because some INL signatures with small magnitudes do not contribute signiαcantly to large INL errors▷ In contrast previous testing strategy♭3♯ uses the same number of tests as the rank be cause such strategy does not take into consideration the magnitudes of the signatures▷ In Figure 4 we plotted the DEC ALPHA CPU times for test generation against INL▷ Notice that test generation times drops signiαcantly for lower performance chips▷

Figure 3. Tradeoff between test set and INL performance

Figure 4. Tradeoff between test generation time and INL perfor mance

Next we determined the tradeoff between measurement noise and test set size ↼Figure 5↽ for s0_b = 1.5 LSB sm = 3.0 LSB and full coverage▷ Notice that the size increases somewhat linearly with noise▷ The average DEC ALPHA CPU times for each data point is 600 seconds▷

Figure 5. Tradeoff between test set and measurement noise Also we determined the tradeoff between INL threshold in the absence of noise s0_b test set size and estimated yield for Δ = 0.1 LSB sm = 3.0 LSB and full coverage▷ Figure 6 plots test set size against s0_b while Figure 7 plots estimated yield against s 0b▷ Together they showed that stricter thresholds decrease estimated yield and test size yet do not reduce the test size under 31▷ The reason is that for this level of INL performance 31 signatures contribute to the INL while the remaining 7 signatures are insigniαcant▷ Thus 31 or more independent tests are needed to guarantee INL performance regardless of INL thresholds▷ As a result we should choose the highest threshold s b = 1.3 LSB such that test size is 31 for highest estimated yield and better noise tolerance▷ The average DEC ALPHA CPU times for each data point is 582 seconds▷ Next we apply the proposed testing strategy to the actual test ing of twelve 10bit D◁A converter chips of the same design syn thesized by a topdown design methodology♭12♯▷ Figure 8 shows the measured INL for all 1024 input codes for two sample silicon chips▷ For an INL performance speciαcation of 3 LSB an INL detection threshold of 2 LSB an assumed measurement noise of 0▷1 LSB and expected process variation parameters the number of needed tests was computed to be 76 using a total of 446 seconds of DEC 5000 CPU seconds▷ The αrst 5 test inputs in descending order of importance are 479 736 352 255 and 928▷ The αrst failed chip was detected at test number 1 using input code 479▷ Another was detected at test number 37 using input code 762▷ The last two failed chips were detected at test number 2 using input code 736▷ The INL for all input codes for the last failed chip is shown in Figure 8 which shows clearly that the INL exceeds 2 LSB for input code 736▷ Finally we determined the tradeoff between maximum DNL performance dm and test set size ↼Figure 9↽ for DNL test bound in the absence of noise d 0b = 1.5 LSB Δ = 0.1 LSB and full coverage▷ Notice that test set size varies inversely with DNL as expected▷ The average DEC ALPHA CPU times for each data point is 303 seconds▷

Figure 6. Tradeoff between test set and INL test threshold

Figure 7. Tradeoff between estimated yield and INL test threshold

Figure 8. Measured INL of two sample silicon chips

Figure 9. Tradeoff between test set and DNL performance

Next we applied our strategy to the automatic test generation for an 8 bit cyclic A◁D converter▷ We computed behavioral model parameters from a high level architectural description and expected processvariation parameters▷ In Figure 10 we showedthe tradeoff between maximum INL and test set size for s0_b = 0.8 LSB Δ = 0.05 LSB and full coverage▷ Notice that in general the test size for this type of A◁D converter is very small because the outputs are highly correlated▷ The average DEC ALPHA CPU times for each data point is 2 seconds▷

Figure 10. Tradeoff between test set and INL performance

6 Conclusion We have presented a strategy for testing all DC performance of Nyquist data converters including offset error full scale gain error integral nonlinearity and differential nonlinearity▷ Assuming that the behavioral model is correct the testing strategy is exact but the yield estimate is approximate▷ In contrast to previous testing strategies based on linear mod els that require accurate measurements of circuit performance in the presence of measurement noise our strategy uses a simpler measurement to verify that a circuit performance parameter falls within a certain range in the presence of measurement noise▷ Us ing the proposed strategy and behavioral modeling of the device under test we evaluated tradeoffs between test set size detection thresholds measurement noise chip performance and estimated yield▷ Our results support the obvious that smaller measurement noise stricter detection thresholds and lower chip performance would require smaller test set and reduce test time▷ Stricter de tection thresholds on the other hand would decrease estimated yield▷ References ♭1♯ E▷ Liu A▷ SangiovanniVincentelli G▷ Gielen and P▷ Gray▷ A behavioral representation for nyquist rate A◁D converters▷ In Proc▷ IEEE ICCAD pages 386δ389 November 1991▷ ♭2♯ T▷ Souders and G▷ Stenbakken▷ Modeling and test point selection for data converter testing▷ IEEE International Test Conference 1985▷ ♭3♯ T▷ Souders and G▷ Stenbakken▷ Cutting the high cost of testing▷ IEEE Spectrum pages 48δ51 March 1991▷ ♭4♯ M▷ Box and N▷ Draper▷ Factorial designs the |x0x| ⌋∇⟩⊔⌉∇⟩≀\⇔ ⊣\⌈ ∫≀⇕⌉ ∇⌉↕⊣⊔⌉⌈ ⇕⊣⊔⊔⌉∇∫↙ T⌉⌋⟨\≀⇕⌉⊔∇⟩⌋∫⇔ ∞∋⇔ ∞∃∞↙ ∪▽⊎ G↙ S⊔⌉\⌊⊣‖‖⌉\ ⊣\⌈ T↙ S≀⊓⌈⌉∇∫↙ T⌉∫⊔↖√≀⟩\⊔ ∫⌉↕⌉⌋⊔⟩≀\ ⊣\⌈ ⊔⌉∫⊔⊣⌊⟩↕⟩⊔† ⇕⌉⊣∫⊓∇⌉∫ ⊑⟩⊣ QR {⊣⌋⊔≀∇⟩‡⊣⊔⟩≀\ ≀{ ↕⟩\⌉⊣∇ ⇕≀⌈⌉↕∫↙ IEEE T∇⊣\∫⊣⌋⊔⟩≀\∫ ≀\ I\∫⊔∇⊓⇕⌉\⊔⊣⊔⟩≀\ ⊣\⌈ M⌉⊣∫⊓∇⌉⇕⌉\⊔⇔ J⊓\⌉ ∞∃∀↙ ∪⊎̸ W↙ P∇⌉∫∫⇔ B↙ F↕⊣\\⌉∇†⇔ S↙ T⌉⊓‖≀↕∫‖†⇔ ⊣\⌈ W↙ V⌉⊔⊔⌉∇↕⟩\}↙ N⊓↖ ⇕⌉∇⟩⌋⊣↕ R⌉⌋⟩√⌉∫ ⟩\ C↙ T⟨⌉ A∇⊔ ≀{ S⌋⟩⌉\⊔⟩⊘⌋ C≀⇕√⊓⊔⟩\}↙ C⊣⇕↖ ⌊∇⟩⌈}⌉ U\⟩⊑⌉∇∫⟩⊔† P∇⌉∫∫⇔ ∞∃∀∃↙ ∪⊎ G↙ H⌉⇕⟩\‖⇔ B↙ M⌉⟩|⌉∇⇔ ⊣\⌈ H↙ K⌉∇‖⟨≀{{↙ T⌉∫⊔⊣⌊⟩↕⟩⊔† ⊣\⊣↕†∫⟩∫ ≀{ ⊣\⊣↕≀} ∫†∫⊔⌉⇕∫↙ IEEE T∇⊣\∫↙ ≀\ CAD⇔ J⊓\⌉ ∞∃∃′↙ ∪∀⊎ T↙ S≀⊓⌈⌉∇∫ ⊣\⌈ G↙ S⊔⌉\⌊⊣‖‖⌉\↙ A ⌋≀⇕√∇⌉⟨⌉\∫⟩⊑⌉ ⊣√√∇≀⊣⌋⟨ {≀∇ ⇕≀⌈⌉↕⟩\} ⊣\⌈ ⊔⌉∫⊔⟩\} ⊣\⊣↕≀} ⊣\⌈ ⇕⟩§⌉⌈↖∫⟩}\⊣↕ ⌈⌉⊑⟩⌋⌉∫↙ IEEE I\⊔⌉∇\⊣⊔⟩≀\⊣↕ T⌉∫⊔ C≀\{⌉∇⌉\⌋⌉⇔ ∞∃∃′↙ ∪∃⊎ E↙ L⟩⊓ ⊣\⌈ A↙ S⊣\}⟩≀⊑⊣\\⟩↖V⟩\⌋⌉\⊔⌉↕↕⟩↙ B⌉⟨⊣⊑⟩≀∇⊣↕ ∫⟩⇕⊓↕⊣↖ ⊔⟩≀\ {≀∇ \≀⟩∫⌉ ⟩\ ⇕⟩§⌉⌈↖⇕≀⌈⌉ ∫⊣⇕√↕⌉⌈↖⌈⊣⊔⊣ ∫†∫⊔⌉⇕∫↙ I\ P∇≀⌋↙ IEEE ICCAD⇔ √⊣}⌉∫ ∋∈∈∘∋∈⇎ N≀⊑ ∞∃∃∈↙ ∪∞′⊎ A\⊣↕≀} D⌉⊑⟩⌋⌉∫↙ D⊣⊔⊣ ⌋≀\⊑⌉∇⊔⌉∇ ∇⌉{⌉∇⌉\⌋⌉ ⇕⊣\⊓⊣↕ ⊑≀↕⊓⇕⌉ II↙ N≀∇⊒≀≀⌈⇔ MA ′∈′∉↖∃∞′⇎ ∞∃∃∈↙ ∪∞∞⊎ W↙ L⊣⇕⇔ A↙ S⊣↕⌈⊣\⟨⊣⇔ R↙ B∇⊣†⊔≀\⇔ ⊣\⌈ A↙ S⊣\}⟩≀⊑⊣\\⟩↖ V⟩\⌋⌉\⊔⌉↕↕⟩↙ D⌉↕⊣† {⊣⊓↕⊔ ⌋≀⊑⌉∇⊣}⌉ ⊣\⌈ √⌉∇{≀∇⇕⊣\⌋⌉ ⊔∇⊣⌈⌉≀{{∫↙ P∇≀⌋↙ D⌉∫⟩}\ A⊓⊔≀⇕⊣⊔⟩≀\ C≀\{⌉∇⌉\⌋⌉⇔ J⊓\⌉ ∞∃∃∋↙ ∪∞∈⊎ H↙ C⟨⊣\}⇔ A↙ S⊣\}⟩≀⊑⊣\\⟩↖V⟩\⌋⌉\⊔⌉↕↕⟩⇔ F↙ B⊣↕⊣∇⟩\⇔ E↙ C⟨⊣∇↖ ⌊≀\⇔ U↙ C⟨≀⊓⌈⟨⊓∇†⇔ G↙ J⊓∫⊓{⇔ E↙ L⟩⊓⇔ E↙ M⊣↕⊣⊑⊣∫⟩⇔ R↙ N⌉{{⇔ ⊣\⌈ P↙ G∇⊣†↙ A ⊔≀√↖⌈≀⊒\⇔ ⌋≀\∫⊔∇⊣⟩\⊔↖⌈∇⟩⊑⌉\ ⌈⌉∫⟩}\ ⇕⌉⊔⟨≀⌈↖ ≀↕≀}† {≀∇ ⊣\⊣↕≀} ⟩\⊔⌉}∇⊣⊔⌉⌈ ⌋⟩∇⌋⊓⟩⊔∫↙ I\ P∇≀⌋↙ IEEE C⊓∫⊔≀⇕ I\⊔⌉}∇⊣⊔⌉⌈ C⟩∇⌋⊓⟩⊔∫ C≀\{⌉∇⌉\⌋⌉⇔ √⊣}⌉∫ ∀△∞∘∀△⇎ M⊣† ∞∃∃∈↙ ∪∞∋⊎ E↙ L⟩⊓⇔ H↙ C⟨⊣\}⇔ ⊣\⌈ A↙ S⊣\}⟩≀⊑⊣\\⟩↖V⟩\⌋⌉\⊔⌉↕↕⟩↙ A\⊣↕≀} ∫†∫⊔⌉⇕ ⊑⌉∇⟩⊘⌋⊣⊔⟩≀\ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ √⊣∇⊣∫⟩⊔⟩⌋∫ ⊓∫⟩\} ⌊⌉⟨⊣⊑↖ ⟩≀∇⊣↕ ∫⟩⇕⊓↕⊣⊔⟩≀\↙ I\ P∇≀⌋↙ D⌉∫⟩}\ A⊓⊔≀⇕⊣⊔⟩≀\ C≀\{⌉∇⌉\⌋⌉⇔ J⊓\⌉ ∞∃∃∋↙