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Abstract. The aim of this paper is to explore a linear geometric algorithm for recovering the three dimensional
motion of amoving camera from image velocities. Generic similarities and differences between the discrete approach
and the differential approach are clearly revealed through a parallel development of an analogous motion estimation
theory previously explored in Vieville, T. and Faugeras, O.D. 199Prtweedings of Fifth International Conference

on Computer Visionpp. 750-756; Zhuang, X. and Haralick, R.M. 1984 Pioceedings of the First International
Conference on Artificial Intelligence Applicatigrp. 366—375. We present a precise characterization of the space

of differential essential matrices, which gives rise to a novel eigenvalue-decomposition-based 3D velocity estimation
algorithm from the optical flow measurements. This algorithm gives a unique solution to the motion estimation
problem and serves as a differential counterpart of the well-known SVD-based 3D displacement estimation algorithm
for the discrete case. Since the proposed algorithm only involves linear algebra techniques, it may be used to provide
a fast initial guess for more sophisticated nonlinear algorithms (Ma et al., 1998c. Electronic Research Laboratory
Memorandum, UC Berkeley, UCB/ERL(M98/37)). Extensive simulation results are presented for evaluating the
performance of our algorithm in terms of bias and sensitivity of the estimates with respect to different noise levels
in image velocity measurements.
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1. Introduction performance (McLauchlan and Murray, 1995). Some
algorithms address the problem of motion and struc-
The problem of estimating structure and motion from ture (shape) recovery simultaneously either in batch
image sequences has been studied extensively by thgTomasi and Kanade, 1992) or recursive fashion
computer vision community in the past decade. The (McLauchlan and Murray, 1995).
various approaches differ in the kinds of assumptions  Approaches to motion estimation alone, can be par-
they make about the projection model, the model of the titioned into the discrete and differential methods de-
environment, or the type of algorithms they use for es- pending on whether they use as input a set of point
timating the motion and/or structure. Most techniques correspondences or image velocities. Among the ef-
try to decouple the two problems by estimating the forts to solve the motion estimation problem, one of
motion first, followed by the structure estimation. Thus the more appealing approaches is ¢issential matrix
the two are usually viewed as separate problems. In approach proposed by Longuet-Higgins, Huang and
spite of the fact that the robustness of existing algo- Faugeras et al. in 1980’s (Longuet-Higgins, 1981). It
rithms has been studied quite extensively, it has beenshows that the relative 3D displacement of a camera
suggested that the fact that the structure and motion can be recovered from a@mtrinsic geometric constraint
estimation are decoupled typically hinders their between two images of the same scene, the so-called
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Longuet-Higgins constrairfalso called thepipolar or algorithm reformulating Zhuang’s approach in terms
essential constraift Estimating 3D motion canthere-  of essential parameters and twisted flow. However, in
fore be decoupled from estimation of the structure of these algorithms, the similarities between the discrete
the 3D scene. This endows the resulting motion estima- case and the differential case are not fully revealed and
tion algorithms with some advantageous features: they exploited.

do not need to assume aapriori knowledge about the In this paper, we develop, in parallel to the discrete
scene; and are computationally simpler (compared to essential matrix approach differential essential ma-
most non-intrinsic motion estimation algorithms), us- trix approachfor recovering 3D velocity from optical
ing mostly linear algebra techniques. Tsai and Huang flow. Based on the differential version of the epipolar
(1984) proved that, given an essential matrix associ- constraint, so calledifferential essential matricesre
ated with the Longuet-Higgins constraint, there are defined. We then give a complete characterization of
only two possible 3D displacements. The study of the the space of these matrices and prove that there exists
essential matrix then led to a three-step SVD-based al- exactly one 3D velocity corresponding to a given dif-
gorithm for recovering the 3D displacement from noisy ferential essential matrix. As a differential counterpart
image correspondences, proposed in 1986 by Toscaniof the three-step SVD-based 3D displacement estima-
and Faugeras (1986) and later summarized in Maybanktion algorithm, a four-step eigenvector-decomposition-

(1993). based 3D velocity estimation algorithm is proposed.
However, the essential matrix approach based onthe One must note that, in this paper, only linear al-
epipolar constraint recovers ordyscrete3D displace- gorithms are studied and compared. It is well-known

ment. The velocity information can only be obtained that linear algorithms are not optimal and give severely
approximately from the logarithm map (the inverse of biased estimates when the noise level is high. In or-
the exponential map), as Soatto et al. didin (Soatto and der to obtain optimal and unbiased estimates, nonlin-
Perona, 1996). In principle, displacement estimation ear search schemes have to be used to solve for max-
algorithms obtained by using epipolar constraint work imum likelihood estimates. In the sequel of this paper
well when the displacement (especially the translation, (Ma et al., 1998c), we have proposed an intrinsic ge-
i.e., the so called base-line) between the two images ometric optimization algorithm based on Riemannian
is relatively large. However, in real-time applications, optimization techniques on manifolds. However, since
even if the velocity of the moving camera is not small, nonlinear algorithms are only locally convergent, the
the relative displacement between two consecutive im- linear algorithms studied in this paper can be used to
ages might become small owing to a high frame rate. In initialize the search process of nonlinear algorithms.
turn, the algorithms become singular due to the small Further more, due to their geometric simplicity, clearly
translation and the estimation results become less reli- understanding the linear algorithms certainly helps in
able. Further, in applications such as robotic control, developing and understanding more sophisticated mo-
an on-board camera, as a feedback sensor, is requiredion estimation schemes. For example, it can be shown
not only to provide relative orientation of the robot but that under the same conditions that the linear algo-
also its relative speed (for control purposes). rithms have a unique solution the nonlinear algorithms
A differential (or continuous) version of the 3D mo- have quadratic rate of convergence (Ma et al., 1998c).
tion estimation problem is to recover the 3D velocity One of the big advantages of the differential ap-
of the camera from optical flow. This problem has also proach is easy to exploit theonholonomic constraints
been explored by many researchers: an algorithm wasof a mobile base where the camera is mounted. In this
proposedin 1984 by Zhuang etal. (1984) with asimpli- paper, we show by example that nonholonomic con-
fied version given in 1986 (Zhuang et al., 1988); and straints may reduce the number of dimensions of the
a first order algorithm was given by Waxman et al. motion estimation problem, hence reduce the number
(1987) in 1987. Most algorithms start from the ba- of minimum image measurements needed for a unique
sic bilinear constraint relating optical flow to the lin- solution. The proposed motion estimation algorithm
ear and angular velocities and solve for rotation and can thus be dramatically simplified. The differential
translation separately using either numerical optimiza- approach developed in this paper can also be gener-
tion techniques (Bruss and Horn, 1983) or linear sub- alized to the case of an uncalibrated camera (Vieville
space methods (Heeger and Jepson, 1992; Jepson andnd Faugeras, 1995; Brooks et al., 1995). Finally, in
Heeger, 1993). Kanatani (1993a) proposed a linear Section 3, simulation results are presented evaluating
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the performance of our algorithm in terms of bias and
sensitivity of the estimates with respect to the noise in
optical flow measurements.

2. Differential Essential Matrix Approach

We first introduce some notation which will be fre-
quently used in this paper. Given a vecipr= (ps,
P2, p3)' € R3, we defingp € so(3) (the space of skew
symmetric matrices iiR®<%) by:

0 —-p3 P
p=] ;s 0 —m 1)
—-p2 M 0

It then follows from the definition of cross-product of
vectors that, for any two vectors q € R%: px q =
Pa.

Camera motion is modeled as rigid body motion in
R3. The displacement of the camera belongs to the spe-
cial Euclidean groufsH3):

SE3) = {(p, R): p € R*, R e SOB3)} 2)
whereSQ(3) € R3*3 is the space of rotation matrices
(orthogonal matrices with determina#tl). An ele-
mentg = (p, R) in this group is used to represent the
3D translation and orientation (the displacement) of a
coordinate framé-; attached to the camera relative to
an inertial frame which is chosen here as the initial po-
sition of the camera framig, (see Fig. 1). By an abuse
of notation, the elemeng = (p, R) serves as both a
specification of the configuration of the camera and
as a transformation taking the coordinates of a point
from F. to Fo. More precisely, lety, gc € R® be the
coordinates of a poir relative to framed-, and F,

g=(p.R)

Figure L Coordinate frames for specifying rigid body motion of a
camera.
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respectively. Then the coordinate transformation be-
tweenqy andq. is given by:
0o = Rt + p. 3

Assume thatthe cameraframe is chosen such thatthe
optical center of the camera, denoteddyys the same
as the origin of the frame. Then the image of a pajint
in the scene is the point where the rayq) intersects
the imaging surface. A sphere or a plane is usually
used to model the imaging surface. The model ofimage
formation is then referred apherical projectiorand
perspective projectigrrespectively.

In this paper, we use bold letters to denote quantities
associated with theimage. The image of a pqiat R3
in the scene is then denoted tyy R3. For the spher-
ical projection, we simply choose the imaging sur-
face to be the unit sphere® = {q € R | ||q| = 1}
where the norm-| always means 2-norm unless oth-
erwise stated. Then the spherical projection is defined
by the maprs from R3 to S?:

-9
llall

For the perspective projection, we choose the imag-
ing surface to be the plane of unit distance away from
the optical center. The perspective projection onto this
plane is then defined by the map from R3 to the
projective plan&kP?:

s RP—> S, g~ q

mp:R3 — RP?,

T
ﬂﬂig.
Qs Os
The essential approach taken in this paper only exploits
the intrinsic geometric relations which are preserved
by both projection models. Thus, theorems and algo-
rithms to be developed are always true for both cases,
unless otherwise stated. By an abuse of notation, we
will simply denote bothrs andr, by the same letter.
The image of the poing taken by the camera is then
q= ().

q=mLmqﬂﬂeq:<

2.1. Review of the Discrete Essential

Matrix Approach

Before developing the analysis of the differential epipo-
lar constraint which is the main focus of this paper, we
first provide a brief review of the epipolar geometry in
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the discrete case, also known as #ssential matrix
approachoriginally developed by Huang and Faugeras
(1989). Let the 3D displacement of the frafgrela-
tive to the framery be given by the rigid body motion

g = (p, R) € SE3), and letgp, g. be the images of the
same poing taken by the camera at framBgandF,
respectively, then it is well-known that the two image
pointsqo, gc satisfy the so calledpipolar constrairt

(4)

In this equation we see that the matfix= R" p with

RT € SO3) and p € sa(3) contains the unknown mo-
tion parameters. A matrix of this form is called an
essential matrixand the set of all essential matrices is
called theessential spacalenoted by¢:

q¢ R" pao = 0.

to p or —p. Rthen has the forra®, which commutes
with p. Thus from (7), we get:
ep=p.

(8)

According toRodrigues’ formuldMurray et al., 1994),
we have:

e” = | + psin(20) + p?(1 — cog20)) (9)

(8) yields:
p?sin(20) + p3(1 — cog20)) = 0.  (10)
Sincep? and p? are linearly independent (Lemma 2.3

in Murray et al. (1994), we have giP9) = 1— cog29)
= 0. Thatis,f is equal to Rr or 2Zkz + 7, k € Z.

& ={RSRe SQB), Sesad)} c R¥>3. (5) Therefore,R is equal tol ore". Itis direct from the
geometric meaning ofP™ p thateP™ p = —p, thus
Huang and Faugeras (1989) established that a non-eP* S= —S, ]

zero matrix E is an essential matrix if and only if
the singular value decomposition (SVD) Bf: E =
UxVT satisfies:

> =diag{x, A, 0} (6)
for somei € R,. In order to answer the question:
given an essential matri € £, how many pairgp, R)
exist such thaR" p= E, we first give the following
lemma from linear algebra:

Lemma 1. Given any non-zero skew symmetric ma-
trix S € sa(3), if, for a rotation matrix Re SQ3), RS

is also a skew symmetric matrishen R= 1 or eP”
wherep is the unit skew symmetric matrix associated
with S. Further eP”S= —S.

Proof: Without loss of generality, we assunsds a
unit skew symmetric matrix, i.e., there exists a vector
p € R®of unitlength such thah = S. SinceRSis also a
skew symmetric matrixRS"T = —RS This equation
gives:

ROR = p. (7)

Since R is a rotation matrix, there exisis € R3,
lol = 1 andd € R such thatR = €. Then, (7)
is rewritten ase® p e’ = p. Applying this equation
to w, we get:e” pe”’w = pw. Sincee” v = w, we
obtain:e” pw = Pw. Sincew is the only eigenvector
associated to the eigenvalue 1 of the magftkand pw
is orthogonal taw, pw has to be zero. Thusis equal

Following this lemma, supposép:, Ry) € SK?3)
and (p2, Ry) € SE3) are both solutions for the equa-
tion RT p= E. Then we haveR] p; = R} fi. It yields
R, RI P = Po. Sincep,, P, are skew symmetric ma-
trices andR, RI is arotation matrix, we then have either
(P2, R2) = (p1, R1) or (p2, Rp) = (—p1, e Ry).
Therefore, given an essential matiix there are ex-
actly two pairs (p, R) such thatR" p = E. Further,
if E hasthe SVDE =UXV' withU,V € SO@3),}
the following formulae give the two solutions:

(Rl, pr) = (UR£<+%)VT,VRZ<+%)EVT>,

(RS, f2) = (U Ry (—%)VT, V&(—%)EVT)

11

whereRz (0) is defined to be the rotation matrix around
the Z-axis by an anglé, i.e., Rz (9) = €% with e; =
(0,0, )7 € R3,

Since from the epipolar constraint (4) one can only
recover the essential matrix up to an arbitrary scale
(in particular, bothE and —E satisfy the same equa-
tion), so in general four solution®, R) will be ob-
tained from image correspondences. Usuallypihsi-
tive depth constraintan be imposed to discard three
of the ambiguous solutions. We here omit these well
known details and simply summarize the discrete es-
sential matrix approach for motion estimation as the
following algorithm (which is essentially the same as
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that given in Maybank (1993) and we repeat it here for
comparison with the algorithm that we will develop for
the differential case:

Three-Step SVD-Based 3D Displacement Estima-
tion Algorithm:

1. Estimate the essential matrix
For a given set of image correspondenceq‘(,,
qy), i =1,...,m(m > 8), find the matrixE which
minimizes the error function:

m

V(E) =) (d. R pap)’

i=1

(12)

subject to the conditiofiE|| = 1;

. Singular value decomposition
Recover matrixE from eand find the singular value
decomposition of the matrik:

E = U diag{o1, 02, 03}V " (13)
whereo; > 0, > 03]
. Recover displacement from the essential matrix
Define the diagonal matriX to be:
¥ =diag{1, 1, 0}. (14)
Then the 3D displacemenp, R) is given by:
T 5 i T
)v , p= VRz(j:E)EV )
(15)

R" = UR} (j:%

The epipolar geometric relationship between projec-
tions of the points and their displacements transfers to
the differential case. So, intuitively speaking, the dif-

ferential case is an infinitesimal version of the discrete
case. However, the differential case is by no means
simply a “first order approximation” of the discrete

case. When differentiation takes place, while structure
of the geometry of the discrete case is inherited by the

differential case, some degeneracies may occur. Such

degeneracies will become clear when we study the dif-
ferential version of the epipolar constraint. It is also

known that it is exactly due to these degeneracies that
camera calibration cannot be fully recovered from dif-

ferential epipolar constraint as opposed to the discrete
case (Ma et al., 1998b). Generally speaking, the sim-
ilarity between these two cases is that methods and
geometric intuition used in the discrete case can be
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extended to the differential case, even though geomet-
ric characterization of the objects is different. One of
the main goals of this paper is to clarify the geometric
similarity anddifferencebetween the discrete and dif-
ferential cases. Although the theory will be developed
in a calibrated camera framework, the clear geomet-
ric nature of this approach has helped us to understand
the uncalibrated situation as well—especially the rela-
tion between the Kruppa'’s equation and its differential
version (Ma et al., 1998b).

2.2. Differential Epipolar Constraint

We now develop differential essential matrix ap-
proachfor estimating 3D velocity from optical flow in

a parallel way to the discrete essential matrix approach
for estimating 3D displacement from image correspon-
dences.

The starting point of this approach is a differen-
tial version of the epipolar constraint and associated
concept of differential essential matrix. This constraint
is bilinear in nature and has been used extensively in
the motion estimation from optical flow measurements
(Vieville and Faugeras, 1995; Heeger and Jepson,
1992). Here we give a characterization of such ma-
trices and show that there exists exactly one 3D veloc-
ity corresponding to a non-zero differential essential
matrix; as a differential version of the three-step SVD-
based 3D displacement estimation algorithm, we pro-
pose a four-step eigenvector-decomposition-based 3D
velocity estimation algorithm; finally, we discuss the
reasons why the zero-translation case makes all essen-
tial constraint based motion estimation algorithms fail
and suggest possible ways to overcome this difficulty.

Assume that camera motion is described by a smooth
curveg(t) = (p(t), R(t)) € SKE3). According to (3),
for a pointqg attached to the inertial framigy, its co-
ordinates in the inertial frame and the moving camera
frame satisfy:

do = R(H)qe(t) + p(t). (16)
Differentiating this equation yields:
dc = —R"Rg. — R"p. (17)

Since—RTR € sa(3) and—R" p € R3 (see Murray
etal. (1994)), we may define = (w1, w2, w3)' € R3
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andv = (vq, v, v3)T € R3to be:

®=—-R'R, v=—-R"p. (18)
The interpretation of these velocities isw is the an-
gular velocity of the camera framig, relative to the
inertial frameF; and—uw is the velocity of the origin of
the camera framé& relative to the inertial framé.
Using the new notation, we get:
Jc = &Qc + v. (19)

From now on, for convenience we will drop the sub-
scriptc from gc. The notationg then serves both as a
pointfixed in the frame and its coordinatesinthe current
camera framé&.. The image of the poirg taken by the
camera s given by the spherical projection= 7 (q).
Denote the velocity of the image poigtthe so called
optical flow by u, i.e.,u = g € R®.

Theorem 1(Differential epipolar constraint) Consi-
der a camera moving with linear velocityand angular
velocityw with respect to the inertial frame. Then the
optical flowu at an image point] satisfies

u'vg+q'edg=0 (20)
or in an equivalent form
(uT,qT)<Z>q=0 (21)

where s is a symmetric matrix defined to be%(cbﬁ +
o) € R3S,

Proof: From the definition of the maps, there exists
a real scalar function(t) (||q(t)|l or gz(t), depending
on the type of projection) such thgt= Ag. Take the
inner product of the vectors in (19) withh x q):
G wxg =@+ wxq=9a g (22)
Sinceq = Aq 4+ Aq andq” (v x q) = 0, from (22) we
then have:
rqT0g—2rq"oTog = 0. (23)
Whenx # 0, we obtain a differential version of the
epipolar constraint:

u'oq+q'avg=0 (24)

Due to the following fact 1, for any skew symmetric

matrix A € R*>3, qTAq = 0. Since3(&) — 9&) is

a skew symmetric matrixq” lzr(c?)ﬁ —d@)q =q'sq—

q"&vq = 0. Thus,q"sq = q" ®1g. We then have:

u'og+q'sq=0. (25)
i

The proof indicates that there is some redundancy in
the expression of the differential epipolar constraint
(20). The following fact from linear algebra shows
where this redundancy comes from.

Fact 1. Consider matrices M M, e R33. q"Myq
= q"Myq for all g € R®if and only if My — M, is a
skew symmetric matrix.e., M; — M, € sa(3).

Let us define an equivalence relation on the space
R3%3, the space of X 3 matrices oveR: for x, y €
R3*3, x ~ yif and only if x — y e so(3). Denote
by [x] = {y € R®3|y ~ x} the equivalence class
of x, and denote byX] the setl ,.«[X]. The quotient
space&3<3/~ can be naturally identified with the space
of all 3 x 3 symmetric matrices. Especially, we have
s = %(é)ﬁJrﬁc?)) € [@v], which is the reason why
we choose it in the equivalent form (21). Using this
notation, Theorem 1 can then be re-expressed in the
following way:

Corollary 1. Consider a camera undergoing a
smooth rigid body motion with linear velocityand
angular velocityw. Then the optical flow of a image
pointq satisfies

W', q" ( fﬂ ) q=0.
[w?]

Because of this redundancy, each equivalence class
[@0] can only be recovered up to its symmetric com-
ponents = %(d)ﬁ + @) € [@?v]. This redundancy is
the exact reason why different forms of the differen-
tial epipolar constraint exist in the literature (Zhuang
and Haralick, 1984; Ponce and Genc, 1998; Vieville
and Faugeras, 1995; Maybank, 1993; Brooks et al., in
press), and, accordingly, various approaches have been
proposed to recovep andv (see Tian et al. (1996)).

It is also the reason why the differential case cannot
be simply viewed as a first order approximation of the
discrete case—a first order approximation of the es-
sential matrixR" p is &1, but this is certainly not what
one can directly estimate from the differential epipolar

(26)
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constraint. Instead, one has to deal with its symmetric by their singular value decomposition (SV){ =
parts = %(é){; + d®). This, in fact, makes the study UXVT; moreover, the orthogonal matricelsandV
of the differential case harder than the discrete case are related. Define the matrRy (9) to be the rotation
(in seek for linear algorithms). Notice that the sym- around thér-axisbyananglé € R, i.e.,Ry(9) = €%’
metric matrixs is the same as the matrix defined with e; = (0, 1,07 € R3,
in Kanatani (1993b). Although the characterization of
such matrices has been studied in Kanatani (1993b),Lemma2. A matrix Q € R3*3 has the form Q= &9
our constructive proofs given below will lead to a nat- with w € R3, v € S if and only if Q has the form
ural algorithm for recoveringw, v) froms.
Q = —VR/(9) diag{x, A cog6), 0}V (30)

2.3. Characterization of the Differential

Essential Matrix for some rotation matrix Ve SQ(3). Further,A = |||

and co$9) = w'v/A.

We define the space of6 3 matrices given by:

=1, "
30V + vw)

to be thedifferential essential spaceA matrix in this wvg = x (v x Q). (31)

space is called differential essential matrixNote that

the differential epipolar constraint (21) is homogeneous Letb € S be the unit vector perpendicular to bath

on the linear velocity. Thusv may be recovered only ~ @nduv: b = 752 (if v x @ = 0, b is not uniquely

up to a constant scale. Consequently, in motion recov- defined. In this case, pick aryorthogonal tov and

ery, we will concern ourselves with matrices belonging «» then the rest of the proof still holds). Then =

to normalized differential essential space rexpbf)v (according this definitiond is the angle
betweernw andv, and 0< 6 < x). Itis direct to check

, v
b= {(%(d)ﬁ+ ﬁ@))

that if the matrixV is defined to be:
The skew-symmetric part of a differential essential We now prove the sufficiency. Given a matr
matrix simply corresponds to the velocity The char- which can be decomposed into the form (30), define

?cterlzatmn Ef thﬁ (normgllzgd) e?sEntlaI matrlx. only the orthogonal matrix) = —VR, () € O(3).2 Let the
ocuses on the characterization of the symmetric part o <o symmetric matriced and § given by the

of the matrix:s = %(Eo{; + 9@). We call the space of all formulae:
the matrices of such form tlepecial symmetric space '

Proof: We first prove the necessity. The proof fol-

lows from the geometric meaning&b: for any vector
w,veR3 cR®3. (27) q € R?,

V = (e’2v, b, v), (32)

weR3ve 52} c R®<3,

(28)
thenQ has the given form (30).

A i T T T

S = {%(&)ﬁ +90) ‘ weRdve 52} C RS (29) ‘”‘URZ(iE)EAU ’ ”‘VRZ(iE>21V
(33)

A matrix in this space is called special symmetric

matrix. The motion estimation problemis nowreduced wherex, = diag{x, 1,0} and ¥; = diag{1, 1, 0}.

to the one ofecovering the velocitgw, v) withw € R® Then:

andv €  from a given special symmetric matrix s

The characterization of special symmetric matrices 5 _ UR, ( iz>EAU TVR, ( + )

depends on a characterization of matrices in the form:

@b € R¥3, whichis givenin the following lemma. This - -

lemma will also be used in the next section for show- = UR;z < :i:§> (= RUO)) Rz( + E) Al

ing the uniqueness of the velocity recovery from spe- ) T

cial symmetric matrices. Like the (discrete) essential = U diag(*, A cog6), 0}V

matrices, matrices with the fordw are characterized =Q. (34)

T
— )z VT
2 1
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Sincew andv have to be, respectively, the left and the
right zero eigenvectors d, the reconstruction given
in (33) is unique. m]

The following theorem gives a characterization of
the special symmetric matrix.

Theorem 2(Characterization of the special symmetric
matrix). A matrix s € R33 is a special symmetric
matrix if and only if s can be diagonalized as=s
VEVT with V e SQ3) and

¥ = diag{oy, 02, 03} (35)

withoq > 0, 03 < 0andos = o1 + o3.

Proof: We first prove the necessity. Suppases a
special symmetric matrix, there existe R3,v € S?
such thats = %(é)ﬁ + 0®). Sinces is a symmetric
matrix, it is diagonalizable, all its eigenvalues are real
and all the eigenvectors are orthogonal to each other.
It then suffices to check that its eigenvalues satisfy the
given conditions.

Let the unit vectob and the rotation matri¥/ be
the same as in the proof of Lemma 2, so @randy .
Then according to the lemma, we have:

®0 = —VRy(9) diag{r, » cog6),0}VT.  (36)
Since(@d)" = 9o, it yields:
S = L oo+ 08
= E(wv + vw)
= %V(— Ry (9) diag{x, A cog6), 0}
— diag{x, A cog0), O}R} (@))VT.  (37)
Define the matrixXD (A, 6) € R3* to be:
D(x, 0)
= —Ry(9) diag{r, A cog#), 0}
— diag{x, A cog6), O}R} (9)
—2 cog6) 0 sin9)
= A 0 —2 cog0) 0 (38)
sin(9) 0 0

Directly calculating its eigenvalues and eigenvec-
0

tors, we obtain that:
D, 0)= RY<2 2)
x diag{A(1 — cog0)), —2 A cog06),
(—1— cog6))}R] <2 - %)

39
2 (39)
Thuss = %VD(A, 0V has eigenvalues:

{%A(l —cog6)), —A cog#), %A(—l — cos(@))},
(40)

which satisfy the given conditions.

We now prove the sufficiency. Gives= V; diag
{01, 02, c73}V1T with o4 > 0, 03 < 0 andos = 01 + 03
andV]" e SQ3), these three eigenvalues uniquely de-
terminex, 6 € R such that the;’s have the form given

in (40):
|

Define a matrixV € SQ(3) to beV = V;R} (§ — 2).
Thens = %VD(A, V. AccordingtoLemma2, there
exist vectore € % andw € R® such that:

A>0
0 [0, 7]

A =01 — 03,
0 = arccos—oy/A),

o) = —VRy(¥) diag{xr, 1 cog6),0}VT.  (41)

Therefore 2 (&9 + ) = VDA, O)VT =s. O

Figure 2 gives a geometric interpretation of the three
eigenvectors of the special symmetric masifor the
case when both, v are of unit length. Theorem 2 was
given as an exercise problem in Kanatani (1993a) but it
has never been really exploited in the literature for de-
signing algorithms. For that purpose, the constructive
proof given above is more important since it gives an
explicit decomposition of the special symmetric matrix
s, which will be studied in more detail next.

According to the proof of the sufficiency of
Theorem 2, if we already know the eigenvector de-
composition of a special symmetric matsxwe cer-
tainly can find at least one solutidw, v) such that
S = %(é)ﬁ + v@). This section discusses the unique-
ness of such reconstruction, i.e., how many solutions
exist fors = (&0 + 9&).
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Figure 2 Vectorsu, Uy, b are the three eigenvectors of a special
symmetric matrix% (@b + D). In particularb is the normal vector
to the plane spanned hy andv, anduj, u, are both in this plane.
up is the average ab andv. uy is orthogonal to bott andus.

Theorem 3(Uniqueness of the velocity recovery from
the special symmetric matrix) There exist exactly
four3DvelocitieSw, v) withw € R®andv € S? corres-
ponding to a non-zero special symmetric matrixs.

Proof: Supposdws, v1) and(wsy, vo) are both solu-
tions fors = 1(&9 + 9®). Then we have:

V101 + D101 = V22 + @o0>. (42)

From Lemma 2, we may write:

C?)lﬁl = —Vj_ Ry(el) diag{kl, A COQQ]_), O}VlT
@202 = —VoRy(62) diagirz, A2 c0g62), O}V, .
(43)

LetW = V,"V, € SQ3), then from (42):

D (A1, 61) = WD(r2, 62)W . (44)

Since both sides of (44) have the same eigenvalues,
according to (39), we have:

A1l =2y, 0Or=01. (45)

We then can denote both andd, by 6. It is direct to
check that the only possible rotation matii which
satisfies (44) is given big, 3 or:

0
-1
0
0
-1
0

—cog0)
0
sin(9)

sin(9)
0
cog6h)

or

cos6)
0
—sin(8)

—sin(9)
0
—cog6)

(46)
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From the geometric meaning ¥f andV,, all the cases
give eithew, 01 = @20, 0rd101 = V2@;. Thus, accord-
ing to the proof of Lemma 2, ifw, v) is one solution
and®? = U diag{x, » cog6), 0}V T, then all the so-
lutions are given by:

&= URZ<:E%)EAUT, b= VRZ<:I:%>21VT;
&= VR, <j:%>2,\VT, b= URz<i%>21UT
(47)

whereX, =diag{x, A, 0} andX; =diag{1,1,0}. O
Given a non-zero differential essential matkxe

&’, according to (47) its special symmetric part gives

four possible solutions for the 3D velocityw, v).

However, in general only one of them has the same

linear velocityv as the skew symmetric part Bfdoes.

We thus have:

Theorem 4(Uniqueness of the velocity recovery from
differential essential matrix) There exists only one
3D velocity(w, v) withw € R® andv € R3 correspond-
ing to a non-zero differential essential matrixee€’.

In the discrete case, there are two 3D displacements
corresponding to an essential matrix. However, the ve-
locity corresponding to a differential essential matrix
is unique. This is because, in the differential case, the
twisted-pair ambiguity (see Maybank (1993)), which
is caused by a 18Qotation of the camera around the
translation direction, is avoided.

2.4. Algorithm

Based on the preceding study of the differential es-
sential matrix, we propose an new algorithm which
recovers the 3D velocity of the camera from a set of
(possibly noisy) optical flows.

LetE = ()) € & with s = (&0 + 9&) be the es-
sential matrix associated with the differential epipolar
constraint (21). Since the submatfiis skew symmet-
ric ands is symmetric, they have the following form:

0 —-wvz wuw S5 £ S
v=| v3 0 —v|, s=|2 4 S
—U2 V1 0 S S S

(48)
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Define the (differentialpssential vectoe € R® to
be:

e= (1.2, 03. 5. 9. %.%.%.5%) . (49)

Define a vectoa € R® associated to optical flovg, u)

withg = (X, y,2)" € R®, u = (u,up uz)" € R3to

be?

a = (Usy — UpZ, U1Z — UsX, UsX — U1y, X2, 2XY, 2XZ,

y2.2yz 2. (50)
The differential epipolar constraint (21) can be then
rewritten as:

aT

e=0. (51)

Given a set of (possibly noisy) optical flow vectors:
(d',u", i =1,..., mgenerated by the same motion,
define a matrixA € R™*° associated to these measure-

ments to be:

am

)T
wherea are defined for each paig', u') using (50).
In the absence of noise, the essential veethas to
satisfy:

A= (a'a ..., (52)

Ae=0. (53)

In order for this equation to have a unique solution for
e, the rank of the matridA has to be eight. Thydor
this algorithm in general the optical flow vectors of at
least eight points are needed to recover3ievelocity,

i.e, m > 8, although the minimum number of optical

introduces further error in the estimation of the angular
velocity w.

We thus propose a different approach: first extract
the special symmetric component from the symmetric
matrix s directly estimated from the differential epipo-
lar constraint; then recover the four possible solutions
for the 3D velocity using the results obtained in The-
orem 3; finally choose the one which has the closest
linear velocity to the one given by the skew-symmetric
part of E. In order to extract the special symmetric
component out of a symmetric matrix, we need a pro-
jection from the space of all symmetric matrices to the
special symmetric spac®, i.e., a differential version
of the projection of a matrix to the essential manifold
£ given in Maybank (1993).

Theorem 5(Projection to the special symmetric space)
If a symmetric matrix Fe R3*3is diagonalized as F=

V diag{A, Ao, A3}VT withV € SQ3), 41 > 0,13 <0
andi; > i, > Ag, then the special symmetric matrix
E e S which minimizes the errdfE — F||3 is given by

E = Vdiag{al, o2, UZ}VT with:

201+ Ap — A3 A+ 20+ A3
o=, 03 = — s
3 3
2\ Ao — A
oy 23T A2 M1 (54)
3
Proof: Define Ss to be the subspace & whose

elements have the same eigenvalu@s:= diag{oy,
02, 03}. Thus every matribE € Sy has the formE =
vlzvlT for someV; € SQ(3). To simplify the nota-
tion, defineX; = diag{11, A2, A3}. We now prove this

flows needed is 5 (see Maybank (1993)). When the theorem by two steps.
measurements are noisy, there might be no solution

of efor Ae = 0. As in the discrete case (Maybank,
1993), we choose the solution which minimizes the
error function|| Ae||2.

Since the differential essential vecwis recovered
from noisy measurements, the symmetric gaof E
directly recovered frone is not necessarily a special
symmetric matrix. Thus one can not directly use the
previously derived results for special symmetric matri-
ces to recover the 3D velocity. In the algorithms pro-
posed in Zhuang and Haralick (1984) and Zhuang et al
(1988), sucts, with the linear velocity obtained from
the skew-symmetric part, is directly used to calculate
the angular velocity. Thisis an over-determined prob-

lem since three variables are to be determined from six

independent equations; on the other hand, erroneous

Step 1: We prove that the special symmetric ma-
trix E € Sy which minimizes the erroffE — F|
is given byE=VXVT. SinceE € Sy has the form
E=ViZV/, we get:

IE - FJI = [\EV —VEVT|?

= |= - VTViEV V3. (55)

" DefineW = VTV, € SQ3) andW has the form:

w1 w2 w3

W = w4 W5 We (56)

w7 wg Wy
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Then:

IE — FII3
= IZ, - WEWT|3
= tr(22) — 2t (WEW' 3;) + tr(2?). (57)

Substituting (56) into the second term, and using the
fact thato, = o1 + 03 andW is a rotation matrix, we
get:

tr(WZW's,)
= 01(a (L= wd) +iz(1 - wd) + is(1 - wd))
+ 0'3()\1(1 — w%) + )LZ(]- - wi)

+A3(1— w?)). (58)
Minimizing ||[E — F||% is equivalent to maximizing
tr(WEZWT ;). From (58), ttWEZW'X,) is maxi-

mized if and only ifwz = ws = 0, w3 = 1, wy =

wy; =0 andwf = 1. SinceW is a rotation matrix,
we also havew, = wg = 0 andw?2 = 1. All possi-

ble W give a unique matrix inSg which minimizes
|E-F|2: E=VEVT.

Step 2: From step one, we only need to minimize
the error function over the matrices which have the
formVEVT e S. The optimization problem is then
converted to one of minimizing the error function:

IE — FI = (la — 01)?
+ (A2 —02)* + (A3 — 03)*  (59)
subject to the constraint:
(60)

0o = 01+ 03.

The formula (54) foroy, 02, o3 are directly obtained
from solving this minimization problem. m]

Remark 1. For symmetric matrices which do not sati-
sfy conditionsi; > 0 oriz <0, one may simply choose
A7 = max(r1, 0) or A5 = min(Asz, 0).

We then have an eigenvalue-decomposition based4

algorithm for estimating 3D velocity from optical flow.
Four-Step 3D Velocity Estimation Algorithm:

1. Estimate essential vector o
For a given set of optical flows:(q',u'), i =

1, ..., m, find the vectore which minimizes the
error function:
V(e = || Ael? (61)

subject to the conditiofie]| = 1;

2. Recover the special symmetric matrix

Recover the vectory € S? from the first three en-
tries ofe and the symmetric matrig € R3*3 from
the remaining six entrieb.Find the eigenvalue de-
composition of the symmetric matri
s=V; diag{)Ll, Ao, )\.3}V]:r (62)
with A1 > A, > A3. Project the symmetric matrix

onto the special symmetric spaSe We then have
the news = V; diag{o1, 02, o3}V, with:

201+ Ay — A3 M+ 2k + A3
O‘lzfv 02=f7
203+ A — A
O'SZfl; (63)

. Recover velocity from the special symmetric matrix

Define:

A=o01—03 A>0,

0= arcco{%‘h), 0 [0, ]. (64)

LetV =ViR}(§ — %) € SOB) andU = —VRy(6)
€ 0O(3). Then the four possible 3D velocities cor-
responding to the special symmetric matsiare

given by:

&=URy (i%)ZAUT, 5 =VR, (i%)xlvT
H=VR, <i%)zva, 5 =UR, (i%)xluT
(65)

whereX; = diag{}, A, 0} andX; = diag(1, 1, O};
Recover velocity from the differential essential
matrix:

From the four velocities recovered from the spe-
cial symmetric matrixs in step 3, choose the pair
(w*, v*) which satisfies:

*

v g = m,aXUiT vo. (66)
1
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Then the estimated 3D velocity, v) with w € R3 translation is not zero. In this section, we study what

andv € S is given by: makes the epipolar constraint fail to work in the zero-
translation case.

w=w* v=n1p. (67) For the discrete case, if two images are obtained

from rotation alone i.e.p = 0 andg. = R"qp, it is

. ) _
Both vy and v* are estimates of the linear velocity. Straightforward to check that, for gfl < S*, we have:

However, experimental results show that, statistically,
within the tested noise levels (see next sectian),
yields a better estimate thari. Here, thus, we sim-
ply choosevy as the estimate. Nonetheless, one can
find statistical correlations betweeg andv* (experi-
mentally or analytically) and obtain better estimates
for v, using bothvg andv*. Another potential way to
improve this algorithm is to study the systematic bias
introduced by the least square method in step 1. A simi-
lar problem has been studied by Kanatani (1993a) and
an algorithm was proposed to remove such bias from
Zhuang’s algorithm (Zhuang and Haralick, 1984).

9! R" pgo = 0. (68)

Thus, theoretically, the estimation schemes working on
the normalized essential spagewill fail to converge
(since there are infinite many pairs@, p) satisfying

the same set of epipolar constraints). In the differential
case, we have a similar situation:

Theorem 6. An optical flow field(g, u) is obtained
from a pure rotation with the angular velocityif and
only if for all vectorsy € S

Remark 2. Since bothE, —E ¢ & satisfy the same (', qT)( o >q =0. (69)
set of differential epipolar constraintboth (w, +v) 0]

are possible solutions for the given set of optical flows.
However as in the discrete casene can get rid of
the ambiguous solution by adding the “positive depth
constraint”.

Proof: u = &q sinceu is obtained from rotation
wesuwxg =—-qoduvxqgforalve <
', g"H(@[@)a = 0. -

This theorem implies that the velocity estimation al-
Remark 3. By the way of comparison to Heeger and  gorithm proposed in the previous section will have trou-
Jepson’s algorithm (Heeger and Jepson, 1982}e ble when the linear velocity is zero, since there are
that the Eq. (53) may be rewritten to highlight the de- infinite many pairs ofw, v) satisfying the same set of
pendence on optical flow asAf(u) | A;Je= 0 where differential epipolar constraints. However, it is shown
A;(u) € R™3 s alinear function of the measured op- by Soatto and Perona (1996) that, in the dynamical es-
tical flow and A, € R™® is a function of the image  timation approach, one can actually make use of the
points alone. Heeger and Jepson compute a left null noise in the measurements to obtain correct estimate
space to the matrid; (C € R™9*M) and solve the  of the rotational componerR regardless of the accu-
equation: CA (uyv = O for v alone. Then they use racy of the estimate for the translation vector The
v to obtainw. Our method simultaneously estimates same should hold also in the differential case. That is,
v € R3 s € R®. We make a detailed simulation com- even in the zero-translation case, the recovery of the
parison of these two algorithms in Section 4. angular velocityw is still possible using dynamic esti-
mation schemes. Study of such schemes is beyond the
One should note that this linear algorithm is not op- scope of this paper and will be addressed in our future
timal in the sense that the recovered velocity does not research work.
necessarily minimize the originally picked error func-
tion || Ae(w, v)||? on&; (see next section for amore de- Example: Kinematic model of an aircraft. This ex-
tailed discussion). However, this algorithm only uses ample shows how to utilizeaonholonomic constraints
linear algebra techniques and is particularly simpler (see Murray et al. (1994)) to simplify the proposed lin-
than a one which tries to optimize on the maniféld ear motion estimation algorithm in the differential case.
(Ma et al., 1998c). Let g(t) € SK3) represents the position and orienta-
One potential problem with the (discrete or differ- tion of an aircraft relative to the spatial frame, the inputs
ential) essential approaches is that the motion estima- w1, w, w3 € R stand for the rates of the rotation about
tion schemes are all based on the assumption that thethe axes of the aircraft and € R the velocity of the
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aircraft. Using the standattbmogeneous representa-
tion for g (see Murray et al. (1994)), the kinematic
equations of the aircraft motion are given by:

0 —w3 w2 U1
w3 0 —w1
J = 70
9=9 _, &, 0 o (70)
0 0 0 0

wherew; stands for pitch ratey, for roll rate, w3 for
yaw rate and; the velocity of the aircraft. Then the
3D velocity(w, v) inthe differential epipolar constraint
(21) hasthe formw = (w1, w2, w3)", v = (v1,0,0)".
For the algorithm given in Section 2.4, this adds extra
constraints on the symmetric matgx= %(é)ﬁ + tw):
s = S = 0 andsy = . Then there are only four
different essential parameters left to determine and we
can re-define the essential parameter veetar R*
to be: e = (v1, %, S5, %)". Then the measurement
vectora € R*isto be:a = (usy —U,z, 2xy, 2XZ, y>+
z>)T. The differential epipolar constraint can then be
rewritten as:

ae=0. (71)
If we define the matriA from alike in (52), the matrix
AT Ais a 4 x 4 matrix rather than a &% 9 one. For
estimating the velocitfw, v), the dimensions of the
problem is then reduced from 9 to 4. In this special
case, the minimum number of optical flow measure-
ments needed to guarantee a unique solutios isf
reduced to 3 instead of 8. Further more, the symmetric
matrix s recovered frome is automatically in the spe-
cial symmetric spacé and the remaining steps of the
algorithm givenin Section 2.4 can be thus dramatically
simplified. From this simplified algorithm, the angu-
lar velocityw = (w1, wp, w3)" can be fully recovered
from the images. The velocity information can be then
used for controlling the aircraft.

3. Experimental Results

We have carried out some initial simulations in order
to study the performance of our algorithm. We chose
to evaluate it in terms of bias and sensitivity of the
estimates with respect to the noise in the optical flow
measurements. Preliminary simulations were carried
out with perfect data which was corrupted by zero-
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velocity. The image size was considered to be 512
512 pixels. Our algorithm has been implemented in
Matlab and the simulations have been performed using
example sets proposed by Tian et al. (1996), in their
paper on comparison of the egomotion estimation from
optical flow® The motion estimation was performed
by observing the motion of a random cloud of points
placed in front of the camera. Depth range of the points
varied froma to b (>a) units of the focal lengthf,
which was considered to be unity. For example, if
the focal length is 8 mm and = 100 andb = 400,

the point depth varies from 0.8 m to 3.2 m in front
of the camera. This setup makes the simulation de-
pend only on the parametet= (b—a)/a, calleddepth
variation parameter The results presented below are
for a fixed field of view (FOV) of 60 degrees unless
otherwise stated.

3.1. Comparing to Subspace Methods

Each simulation consisted of 500 trials for 50 randomly
sampled points in a given depth variatios, bp] =
[100, 400] with a fixed noise level and ratio between
the image velocity due to translation and rotation for
the point in the middle of the random cloud. Figures 3
and 4 compare our algorithm with Heeger and Jepson’s
linear subspace algorithm (Heeger and Jepson, 1992).
The presented results demonstrate the performance of
the algorithm while rotating around-axis with rate of

1° per frame and translating alon¢axis with trans-
lation to rotation ratio of 1 and 5 respectively (for the
point at the center of the random cloud). The first stage
of our analysis was performed using benchmarks pro-
posed by Tian et al. (1996). The bias is expressed as
an angle between the average estimate out of all trials
(for a given setting of parameters) and the true direc-
tion of translation and/or rotation. The sensitivity was
computed as a standard deviation of the distribution of
angles between each estimated vector and the average
vector in case of translation and as a standard deviation
of angular differences in case of rotation.

We further evaluated the algorithm by varying the
direction of translation and rotation. At the noise level
of 0.9 pixel and translation/rotation ratio 1, for different
combination of translation and rotation axis, the bias
of these two algorithm are shown in Fig. 5. From the
simulation results, we observe that:

mean Gaussian noise where the standard deviation wasl. Interms of translational bias and sensitivity, the sub-

specified in terms of pixel size and was independent of

space method (Heeger and Jepson, 1992) and our
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Figure 3 Bias for each noise level was estimated by running 500 trials and computing the average translation and rotation. The ratio between
the magnitude of linear and angular velocities is 1.

algorithm have exactly the same performance atall  than the subspace method (Heeger and Jepson,
noise levels. 1992), especially when the noise levels are high.

2. The choice of the rotation axis does not influence
the translation estimates at all for both algorithms. This is due to the fact that in our algorithm the rota-
It does not generally influence the rotation estimates tion is estimated simultaneously with the translation,
forthe subspace method either butindeed influences so that its bias is only due to the bias of the initially es-
our algorithm. This is because the decomposition timated differential essential matrix obtained by linear

of the special symmetric matrix = %(d)ﬁ + @) least squares techniques. This is in contrast to the ro-
is numerically less accurate whermandv coincide tation estimate used by the subspace method (Heeger
with each other. and Jepson, 1992), which uses another least-squares

3. Both algorithms give much better estimates when estimation by substituting an already biased transla-
translation along Z-axis is present. This is consis- tional estimate to compute the rotation. Increasing the
tent to the sensitivity analysis done in Daniilidis ratio between the magnitude of translational and rota-
and Nagel (1990). In the case of translationisY tional velocities, the performance of both algorithms
plane, our algorithm gives better rotation estimates improves, especially the translation estimates.
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Figure 4 Bias for each noise level was estimated by running 500 trials and computing the average translation and rotation. The ratio between

the magnitude of linear and angular velocities is 5.

3.2. Bias Analysis: Relation

with Nonlinear Algorithms

A disadvantage of any linear algorithm is that it tries
to directly minimize the epipolar constraint, i.e., the
objective function:

N
V(w,v) = Z(u
i=1

But this is not the likelihood function ab andv for
commonly used noise models of the optical flow. Con-
sequently, estimates given by linear algorithms are usu-
ally not close to maximura posteriori(MAP) or min-
imum mean square estimates (MMSE). In general, this
is the source of bias for linear algorithms. In case of per-
spective projection, a commonly used noise model is:

(73)

iT ﬁql + qde)ﬁqi)Z. (72)

0 =u+n

whereii'’s are corrupted optical flows amdf's are inde-
pendent Gaussian noises with identical covariance ma-
trix K = diag{o'?, o2, 0}. Substitutdi' into the epipolar
constraint and we obtain

f]iT de)ﬁqi — niT IA)ql

vq' +q (74)

The random variable'™ oq' is Gaussian with distri-
bution N(0, ||&0q'||?) wherees = (0,0, 1)T. Conse-
guently, the variance in general depends on the location
of the image pointf'. Assuming that the priori dis-
tributions ofw, v are uniform, the MAP estimates are
then given by they*, v* which minimize the objective
function:

N

V(w,v) = Z

i=1

(uiT ﬁq‘ + qiT c?)ﬁq‘ )2
I&0q' ||?

(75)
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Translation bias at noise level 0.9 pixel
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Figure 5 Bias dependency on combination of translation and rotation axises. For exaXpté means the translation direction is ¥raxis
and rotation axis is th¥-axis. Bias for each combination of axises was estimated by running 500 trials at the noise level 0.9 pixel. The ratio
between the magnitude of linear and angular velocities is 1.

This objective function is also referred asrmalized have much effect on the obtained estimates. Note that
epipolar constraints A desirable property of MAP  this is exactly the case when our algorithm performs
estimates is that they are asymptotically unbiased, i.e., better than the subspace method. For the case that the
when the number of sample poirtkis large, the bias ~ Z-axis translation is present, the performance of both
is reduced dramatically. The asymptotic unbiasness of algorithms can be further improved by solving the nor-
this motion estimates has been studied extensively by malized version (especially when a large number of
Soatto et al. (submitted), where they have provided a sample points are available). This s, in general, a non-
concise and rigorous proof of the asymptotic unbias- linear optimization problem and is beyond the scope of
ness. However, such a topic is beyond the scope of this paper. However, since nonlinear algorithms usu-
this paper and we refer interested readers to relevantally only guarantee local convergence, a good linear

sections in that paper. algorithm may provide a good initial state for a nonlin-
It is important to notice that if the translatiaris in ear search scheme. Simply to demonstrate the effect
the X-Y plane, i.e.p = (v, v2, 0)T, |&Dq' || = ||v]| of normalization, we have run our linear algorithm for

is independent of the image poigt. The normalized the normalized objective function (75) using the actual
version (75) is therefore equivalent to the unnormalized translation velocity in the denominator to normalize the
version (72). Consequently, the normalization will not epipolar constraint and compare the results with those
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Translation bias: normalized v.s. unnormalized epipolar constraint
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Figure 6 Translation bias of using normalized and unnormalized epipolar constraints. Bias for each noise level is estimated by running 50

trials. Both rotation and translation is along theaxis and the ratio between the magnitude of linear and angular velocities is 1.

from the unnormalized one (a loyal implementation
of the nonlinear optimization scheme can be found in
Ma et al. (1998c). Since the advantage of MAP es-
timate is only observed asymptotically, we here pick
a large number of sample points = 500. Because,
up to N = 500, the improvement in rotation estimate
is less significant, we only plot the translation bias
with respect to different noise levels in Fig. 6. Both
the translation direction and rotation axis are along the
Z-axis.

3.3. Sensitivity to the Depth Variation Parameter c
Simulations also show that the depth variation para-

meterc = (b — a)/a is another important measure of
the performance of the linear algorithm. We ran our

algorithm at noise levels.8, 0.6 and 09 pixel with
respect to depth variation parameter= 2.5, 3.0,

3.5, 4.0 for a cloud of 200 points. Translation and rota-
tion biases are plotted in Fig. 7. One should notice that
at high noise levels, the bias increases almost exponen-
tially when the depth variation parametedecreases.
When the depth variation parameter is small and noise
level is high, the proposed algorithm gives less robust
estimates. Especially, estimates of the bias and sensitiv-
ity become less stable. In order to demonstrate the true
monotonic relation between the sensitivity and noise
level, a larger number of trials have to be performed.
In this case, the fact that the points in the scene are
(almost) coplanar has to be incorporated in the design-
ing of motion estimation algorithms (Longuet-Higgins
1986; Subbarao and Waxman, 1985).
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Figure 7. Translation bias and rotation bias with respect to different
depth variation parameter Bias for each noise level and depth
variation parameter is estimated by running 500 trials. Translation is
along theX-axis and rotation axis is th#&-axis and the ratio between
the magnitude of linear and angular velocities is 1.

3.4. Translation estimatag versusv*

Further evaluation of the results and more extensive
simulations are currently underway. We believe that
thoroughly understanding the source of translational
bias, we can obtain even better performance by uti-
lizing additional information about the linear velocity
which is embedded in the special symmetric part of
the differential essential matrix, i.e:¥ (see step 4 of
the algorithm in the preceding section). In the above
simulations, the linear velocity was estimated only
from thewy, the skew symmetric part of the differential
essential matrix. Figure 8 demonstrates thats in
general a much better estimate than A more de-
tailed analysis of the statistical correlation betwegn
andv* is currently under investigation.

4. Discussions and Future Work
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Figure 8 Bias and sensitivity of the translation estimatgsrom

the skew symmetric part and from the special symmetric part of
the differential essential matrix. Bias and sensitivity for each noise
level are estimated by running 200 trials for a cloud of 50 points. Both
translation and rotation are along tieaxis and the ratio between
the magnitude of linear and angular velocities is 5.

egomotion estimation algorithm, which is a natural
counterpart of the well-known three-step SVD based
algorithm developed for the discrete case by Toscani
and Faugeras (1986).

In order to exploit temporal coherence of motion
and improve algorithm’s robustness, a dynamic (recur-
sive) motion estimation scheme, which uses implicit
extended Kalman filter for estimating the essential pa-
rameters, has been proposed by Soatto and Perona
(1996) for the discrete case. The same ideas certainly
apply to our algorithm.

Although only linear algorithms are studied in this
paper, the understanding of the geometric characteri-
zation of the essential matrix spaces leads to natural
geometric nonlinear search algorithms based on opti-
mization techniques on Riemannian manifolds. Those
intrinsic nonlinear algorithms will be presented in the
sequel of this paper (Ma et al., 1998c). The problem
of 3D structure reconstruction is not discussed in this

This paper presents a unified (linear) approach for the paper. Like the motion estimation, this subject has also

problem of egomotion estimation using discrete and
differential epipolar constraints. In either the discrete
or differential setting, a geometric characterization is

given for the space of essential matrices or differential

been studied extensively in the computer vision litera-
ture. A unified approach has been proposed in a sequel
paper (Ma et al., 1998a).

In this paper, we have assumed that the camera is

essential matrices. Such characterization gives a natu-calibrated. Our approach can be extended to uncali-

ral geometric interpretation for the number of possible
solutions to the motion estimation problem. In addi-
tion, in the differential case, understanding of the

brated camera case, where the motion estimation and
camera self-calibration problem can be solved simul-
taneously, using the differential essential constraint

space of differential essential matrices leads to a new (Vieville and Faugeras, 1995, Brooks etal., in press). In



Linear Differential Algorithm for Motion Recovery 89

this case, the essential matrix is replaced by the funda- ing a scene from two projectionsature 293:133-135.
mental matrix which captures both motion information ~Longuet-Higgins, H.C. 1986. The reconstruction of a plane surface
and camera intrinsic parameters. It is shown in Brooks from two perspective projections. Rroceedings of Royal Society

. . . of London volume 227 of B, pp. 399-410.
etal. (in press) and Ma et al. (1998b), that besides five Ma, Y., Kosecld, J., and Sastry, S. 1998a. Euclidean structure and

motion parameters only two extra intrinsic parameters  motion from image sequences. Electronic Research Laboratory
can be recovered. Memorandum, UC Berkeley, UCB/ERL (M98/38).

Ma, Y., KoSecld, and Sastry, S. 1998b. A mathematical theory of

camera self-calibration. Electronic Research Laboratory Memo-
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