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Abstract—1In this paper we construct the ’blow up” of an
affine hybrid system H, i.e., a new affine hybrid system BI(H)
in which H is embedded, that does not exhibit Zeno behavior.
We show the existence of a bijection Y between periodic
orbits and equilibrium points of H and Bl(H) that preserves
stability; we refer to this property as #-stability equivalence.

I. INTRODUCTION

If H is an affine hybrid system, we introduce its blow
up BI(H) which is also an affine hybrid system. The
primary benefit of considering Bl(H) is that it is not
Zeno, although its structure suggests many other interesting
properties not generally found in affine hybrid systems. In
order to demonstrate that BI(H) is in some way equivalent
to H, Z-stability equivalence is introduced. If &* is the
set of equilibrium points and periodic orbits of H, then two
affine hybrid systems H and G are &-stability equivalent
if there exists a bijection T : 02 — G such that

p€ O is Pstable & Y(p) € OF is P-stable

where &7 is stability in the sense of Lyapunov, asymptotic
stability or exponential stability. The purpose of this paper
is to prove the following theorem:

Main Theorem: The affine hybrid systems H and BI(H)
are P-stability equivalent, and BI(H) is not Zeno.

The importance of the Main Theorem is that rather than
attempting to determine whether an affine hybrid system
is Zeno (which currently is not possible), analysis can be
carried out on BI(H) where there is no Zeno behavior. Ad-
ditionally, most analysis on the stability of hybrid systems,
or even switched systems, assumes that such systems are
not Zeno, cf. [2], [5]-[8]. Because of the Main Theorem,
this assumption automatically holds for BI(H), and B1(H)
is &-stability equivalent to H, so the assumption is not
restrictive. BI(H) displays additional desirable properties
that are not found in general affine hybrid systems. Its
structure closely resembles a switched system, implying that
BI(H) might provide a way to apply the analysis carried
out on switched systems to affine hybrid systems; since
there are considerably more results for switched systems,
this would be an important connection. In the future, these
and other properties of BI(H) will be investigated.

*This research is supported by the National Science Foundation (NSF
award number CCR-0225610)

II. AFFINE HYBRID SYSTEMS

This section introduces the notion of an affine hybrid
system. For a more detailed definition, see [1].

2.1 (Discrete states): The set of discrete states is a
finite set Q = {1,...,m}.

2.2 (Domains): The set of domains is the set D =
{D;}icq, where each D; C R™ is an n-dimensional affine
set, i.e., a set that is affinely constrained. For each set D;,
there exists a matrix A; € R*¥*" and a vector a; € R¥
such that x € D; if and only if A;x + a; > 0, where k; is
the number of n — 1 dimensional affine sets contained in
the boundary of D;; these are called the faces of D;. The
faces of D; can be indexed by introducing the indexing set,
F; ={1,...,k;}, for i € Q. The j*" face of D; is denoted
by Face;(D;), where j € F;. We can pick an indexing
of the faces of D; by letting Face;(D;) be the affine set
determined by the j* row of A;. More precisely, if (4;) ;.
is the j*" row of A, and (a;); is the 4" entry of a;, then

x € Face;(D;)

)
(= )+ (i, ) 2o :

This definition can be extended to affine sets D; with
dim(D;) < n in the obvious manner.

2.3 (Edges): For aset U with U = H?Zl U;, denote the
projections on each of the factors of U by m; : U — Uj.
Define the set of edges as a set

EC {((Z,]), (kvl))}(i,j)eQxQ, (k,1)EF; x Fj»

satisfying the condition that for each e € E, there exists
a map T.(z) = Rex + p., with (Re,pe) € SE(n),
such that Te(Facem(e)(Dm(e))) = Facem(e)(Dﬂz(e)). To
simplify notation, write Source(e) = Facer,(e)(Dx, (¢)) and
Target(e) = Facer,(e)(Dr,(e))- Given an edge e € E, the
affine transformation T, (r) = R.x + p. from Source(e) to
Target(e) is called the transition map. The set of transition
maps is the set T = {T,}cck.

2.4 (Vector fields): A set of vector fields is a set V' =
{Vi}ieq, where V; is a Lipschitz vector field on R™. The
flow of V; on D; is denoted by ;(t, z) for x € D;.

Definition 2.1: An affine hybrid system is a tuple
H=(Q D,E,V).
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Note 2.1: From this point on, for the sake of brevity, we
will refer to “affine hybrid systems” as “hybrid systems.”
When dealing with multiple hybrid systems, the super-
scripts are added to avoid confusion between the hybrid
systems. For example, two hybrid systems H and G are
given by the tuples H = (QY, DH EH VH) and G =
(QS, D¢, EC, V),

2.5: If for some e € E, T.(x) = z, then we say that
the transition map associated with the edge e is the identity
map. This implies that Source(e) = Target(e). Since these
are affine sets, we can define a matrix A, and vector a.
such that A.x + a. > 0 iff € Source(e) = Target(e).
In particular, these affine constraints could be the affine
constraints determining Source(e) or Target(e) as given
by Equation (1).

A very special class of hybrid systems is the class hybrid
systems in which every transition map is the identity. This
is the class of hybrid systems we will consider in this paper;
hence we make the following assumption.

Assumption 2.1: For the hybrid system H, every transi-
tion map is the identity.

This assumption is not as restrictive as one might think
due to the main theorem of [1].

III. FROM EXECUTIONS TO ?-STABILITY
EQUIVALENCE

This section begins with the definition of a hybrid exe-
cution which varies somewhat from the standard definition
(cf. [10],[11]). With this definition the hybrid flow can be
defined; it is analogous to the flow of a dynamical system.
Using this, the important types of equilibrium points and
periodic orbits of hybrid systems are introduced, and the
different forms of stability that these objects can display
are discussed. This section culminates with the definition
of Z-stability equivalence.

3.1 (Hybrid Execution): Let A be a finite or countably
infinite indexing set such that if N = |A| — 1 then A =
{0,1,...,N} if N is finite, and A = Z* = {0,1,...} if
N = oo. Also define Ay = {1,..., N} if N is finite and
AL =77 ={1,2,..}if N = <.

A hybrid time sequence is a finite or infinite sequence of
real numbers 7 = {7;};en, With 0 =79 <73 <--- < 7; <

-+, a hybrid edge sequence 1 = {1;}ica, is a sequence
of edges n; € E, and a sequence of initial conditions is a
sequence £ = {&; }ica with & € R™.

A hybrid execution is a tuple x =
following conditions:

Forall 0 <i < N,

(7—7 7, 5) SatiSfyil’lg the

min{t > T <p7r1(17'i+1)(t — TZ‘,&') S 8D,r1(m+1)}
Tm+1 (@Wl(niJrl)(Ti—i-l — T 57/)) € Target(ni-‘rl);

Ti+v1 =
§iv1 =
and 7T1(T]i+1) = 7T2(777;) for 1 <i< N.

If N is finite, define an additional element 7xn; as
follows: if 0, (yx)(t =T, EN) € ODy,(yy) for some finite

t > Tn, then define

— TN»&N) S GDM(UN)},

otherwise set 711 = oo. The element 7n4; is the
termination time of a finite execution.

TN41 = min{t > TN . <P7r2(mv)<t

3.2: Given a hybrid execution y, the map d : A — @,
defined by d(i) = m1(ni+1) if 0 < ¢ < N and d(N) =
ma(nn) if N is finite, is the discrete state evolution. Tt
sometimes is convenient to associate to an 7; € 7 the
corresponding edge in F, therefore if E = {ey,...,ex},
define a map p: Ay — {1,...,k} such that n; = e,;; this
can be thought of as the evolution of edges.

3.3: An execution Y is called finite if N is finite and
infinite if N = oo. Let

S(H) = { Set of executions of H}
So(H) = { Set of finite executions of H}
Soo(H) = { Set of infinte executions of H}.

An execution x is Zeno if x € Seo(H) and lim; .o, 7; =
Too, Where 7, is a finite real number. A hybrid system H
is Zeno if there is at least one Zeno execution. There have
been numerous attempts to determine which hybrid systems
display Zeno behavior, cf. [4], [6], [11]. When multiple
hybrid executions are being discussed (possibly of different
hybrid systems), we will write dX,pX, NX, AX and TX to
remove ambiguity.

3.4: Since we are assuming that 7, = id for every
e € E, given an execution y = (7,7,£) we can define the
hybrid flow of x which is roughly analogous to the flow of
a differential equation. Let

1 if tE[Tini+l]; 0<i< NX
aX(t)=¢ 1 if te[rn,7n41), i =NX, x € So(H)
0 otherwise

and set TX = {t € R :
Define the hybrid ﬂow as

QDX(L 50)

aX(t) > 0, for some i € AX}.

Za

zeA

SDdX(l Tiagi)>

ZzEA [
for ¢t € TX. This implies that o(t,&0) = Yax()(t — 74,&)
when ¢t € [, 7;11]. Note that hybrid flows are defined
uniquely by an execution.

3.5: Hybrid systems display more types of equilibrium
points and periodic orbits than classical dynamical systems
(cf. [81,[9]). We will consider the following:

CSEP = Continuous state equilibrium point: A point z*
such that VH(z*) = 0 for some i € Q.

DSPO = Discrete state periodic orbit: A point x* such that

for every execution x € S (H) with §, = z*, 7, = 0 for
all 7 € AX and

d(i) = d(i+pKX)  d(i) #d(j) j#i+pK~

for some integer KX > 0 (dependent on x) and all p € Z*.
Discrete state periodic orbits can imply the existence of
Zeno executions.
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CSPO = Continuous state periodic orbit: A set v C DX
(not a point) that is a periodic orbit of ViH, i.e., there exists
a finite T such that for each & € v, ;(pT, &) = & for
all p € Z.

MSPO = Mixed state periodic orbit: A connected set v C
R™ (not a point) such that

v= U A

X € Soo (H)
o €

(t7£0) 1te R+}7

where for every x € Soo(H) with &y € v, TX = R and

X(t.o) = OX(E+pTY)  pX(t)ey ViEeR?

d@i) = d(i+pKX)  d@i)#d(j) j#i+pKX
for a real number TX > 0, an integer KX > 0 (dependent
on x) and all p € Z*.

It is useful to talk about the set of all equilibrium points
and periodic orbits of this form. Let

oH _ { CSEP’s , DSPO’s , CSPO’s }

and MSPO’s of H
If u € O™ then p is either a point (in which case it is a
CSEP or a DSPO ), or it is a set not equal to a point (in
which case it is a CSPO or a MSPO ).

3.6: Let Bs(u) be a neighborhood of y € 01, i.e., for
all x € Bs(u), ||z — p|| = minye, ||z — ul| < d. Consider
the following forms of stability of yu:

For all x € S(H) with & € Bs(p), p € 0" is

LYP = Stable in the sense of Lyapunov: If there exists an
€ > 0 such that for all ¢t € TX

[l (¢, &) —
ASY = Asymptotically stable: If it is LYP and

||90 (t, &) —

EXP = Exponentzally stable: If there exists and o, M > 0
such that for all £ € TX

X (8, &) — pll < Me™*||&o — pl|.

A stability property is denoted by &2 = LYP, ASY, or EXP.

Definition 3.1: Two hybrid systems H and G are -
stability equivalent if there exists a bijection Y : 0H — 0C
such that p is &-stable if and only if Y (p) is Z?-stable.

pll <e.

hm

0.
i pll =

IV. THE BLow UP OF A HYBRID SYSTEM

In this section the blow up of a hybrid system is defined
constructively. The underlying idea is simple and, as the
name suggests, was originally motivated by the blow up of
a singular variety in algebraic geometry (more specifically,
it was originally motivated by the example on page 28 of
Hartshorne’s Algebraic Geometry [3]).

4.1 (Construction of BI(H)): The blow up of a hybrid
system H is a hybrid system

BI(H) = (QB(H) pBIH) pBIH) y/BIH))

where the individual elements are defined as follows:
QP 1f QH = {1,...,m} and k = |[E™|, then

QBI®) — 11,

DBIH): [ et ¢ € R™ and \; be the i standard basis vector
of R™. If i < m, then DH is determined by the affine
constraints A2z + aH. Define D; BIH) 5 be the affine set
given by the affine constraints

m + k}.

AR 0 al
0o I ( r ) +1 =\ | >o.
0 I 4 \;

By indexing the elements of EH such that {eH ... (I;I}
EY, fori e {m+1,..,m+k}, we can define DBl H)
be the affine set given by the affine constraints

0 —1
T T
0 Aw;(ef‘_m A, N
0 _/\ﬂl(ef{m) - Aﬂ'g(eiim) ( q >
0 I
AEH 0
Ami(ert, ) F Amy(ert )
-1
+ 1 > 0
0
gk
EBM): Again letting {ef, ..., e} = EH, define
BI(H BI(H
EBI(H):{el( )7 y 2k( )}
where
et = ((m(efh),i+m), (ms(efh), mi(el)),
BI(H
ezﬁk V= (4 mma(ef), (ma(ef), ma(el)),
for 1 < ¢ < k. By construction it follows that TEBl(H) =
- = TeBl(H) =id. '
2k

VB Write & = (z,q) € R**™, and define

YD () ( V,;HO(w) )

for 1 <7 <m, and

BI(H) ~\ 0
i@ = ( Ara(el ) = Am(el ) >

for m+1 < ¢ < m+ k. To avoid confusion, let ¢;(t, Z) be
the solution to ViBl(H) for z € D?I(H).

V. RELATIONSHIPS BETWEEN H AND Bl(H)

In this section, several relationships between H and
BI(H) are established. These are important in that they
show that in some sense the qualitative behavior of H and
BI(H) are the same. More specifically, it is shown that there
is an injective map from S(H) to S(B1(H)) and it is given
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explicitly. This is used to establish a bijection between &'
and ¢B'M) which is again given explicitly.
BI(H)

i

5.1: To determine a map between D and D
consider the maps

pf - ] p* - |J ™
ieQH 1€eQH
where ¢;(z) = (z,i) and T'((z,i)) = (z,\)T € RT™
Define I'; = I o ¢;; this is the desired map from DzH to
DP'™ Note that DP'™ = T';(DH) and T; has a left
inverse given by m,(x, \;) = z.

Proposition 5.1: There exists an injective map
=:SH) — S(BI(H))

with a closed form solution.

Proof: Let x = (1,1,€&) € S(H) and denote the image
of Z by Z(x) = (E1(7),Z2(n),E3(£)). Let dX and pX be
the discrete state evolution and the evolution of edges for
the execution x: see Paragraph 3.2. Now let

AE(X) _ {Ovla"'72NX} Zf X € SO(H)
- AX otherwise

and define the map = as:

= _ Ti+ L if ieven

Hl(T)z = Ti;l i % $ i odd
BI(H) .

=) — px(hypk L1 even

=2(N)i 6Bl(H) i odd
()

Z5(6); = Laes)(§z) if 1 even

e de(%)(ff;l) if 1odd

The associated discrete state evolution and the evolution of
edges for = are given by

dE(X)(Z) _ dX(%) if i even
pX(51) +m if i odd
=0 PX(E)+k if ieven
A0 = {0 T
It can be verified that = is injective as desired. [ ]

Corollary 5.1: There is a bijection of sets
Soo(BI(H))

Soo(H) X € Soo(Blll(H)) with
{ & € DP'™ for j € QH }
5.2: The case given in Corollary 5.1 will be of the most
interest. For ¥ € S (BI(H)) and for x such that x = Z(x),
if ¢ € [Ti, T2i+1] We can write 1)X as

PX(t, &) Pax(20) (t — T2, €2:)

= Tax)(@ax) (t — T2i,6)),

and for t € [Fo;_1, T2;], ¥X is given by

WX(t, €0) = Yax(2i—1)(t — Tai1, E2i—1)
= (1 =t + T2i—1)lax(i—1)(&) + (t = T2i)Tax i) (§)-
Proposition 5.2: There are the following bijections:

{CSEP’s of H}

«—>

{ CSEP’s of BI(H) }

{CSPO’s of H} «— {CSPO’s of BI(H) }

BI(H)

(DSPO’s of H} MSPO’s of BI(H) with
SO — ~
7 C UieQBl(H)\QH DZ'

(MSPO’s of H} { MSPO’s of BI(H) with }
S O —

- BI(H
Y SZ UieQBl(H)\QH D; 0
Proof: The first and second bijections are clear. First

let us verify the fourth bijection.
Now if v is a MSPO of H, the claim is that

KX
= U (U cel {Tax(i—1)(&), Tax(ay (&) }

X € Soo (H) i=1
with £ € ~

=0

KX
U U {Fdx(i)(gde(i)(t - T, Ei))}te[ri7ri+1]>

is a bijection, where ccl” is the convex closure. Setting
YT~! =m,, clearly T™1 oY =id.

To verify that Yo Y1 = id, let 7 be a MSPO of BI(H)
with ¥ ¢ UieQBl(H)\QH D?I(H). Consider an execution x €
S (BI(H)) with ¢)X(t,&) C 4. By Corollary 5.1 there
exists a Y with Y = Z(x) and KX = 2KX. Referring to
Paragraph 5.2 there are the following relations

{1/})2@’50)}@1% = I[j {defc(i)(t - ﬂ',é:z')}
i=0

tE[Ti, Tit1)
KX
= U {wdi(ziq)(t - %21'—1,521'—1)} o
i—1 tE([Tai—1,724]
KX
U { % (20) (t — Tai, €2 }
ZL:JO Vas (20) (t — T2i, 2:) el o]
KX

= U{O = t+ 7 )Taxin(&)

i=1
+(t — Toi)Caxi) (&) }

tE[Tai—1,72i]

KX
u U {T x5y (ax i) (t = Tais §z‘))}t€[;%;2i+l]
i=0

KX
= Jed {Tax-1)(&): Taxpy (&)}
i=1
KX
U U {Taxiy (ax @y (t — 7, Ei))}te[mml] .
1=0
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Now 7, (%) is a MSPO of H, and we have

vy = U {z/ﬁz(t,éo)}

X € Soo(BI(H))
with €9 € 7

U {wx(t’éo)}tenw

X € Soo(BI(H))
with € € 7

- U

teR+

(U ccl {Fdx(iq) (&) Taxay (fz)}

X € Soo (H) =1

506#1(%)

U U {Fdx QOdX() Ti7£i))}t€[7i77'i+1]>
_ ror- (7).

which proves the fourth bijection.
To prove the third bijection, let z* be a DSPO . The
claim is that

KX
U U CCl{Fdx(i_l)($

X € Seo(H) =1
with &g = 2™

T(z") = ") Daxiy(27) }

is bijective. It will be seen that this is a special case of the
fourth bijection.

Let 4 be a MSPO of BI(H) with ¥ C
UZEQB1<H)\QH DBI(H) Aga~in ~c::onsider an execution
X € Sw(BI(H)) with ¢X(¢,§) < 4; in this case
o € 3D?1(H) and & = I'gz (o) (™) for 2™ = 7, (%) (which

is a single point because 7 is connected). By referring to
the construction of BI(H) and Paragraph 5.2

Yag (24) (t — T2is €2) ¢ U D?I(H)7
iEQBl(H)\QH

if t # To;, To;41. Therefore, To; = T9;41. By Corollary 5.1,
)N( = E(X) and for this X 7~—2i =T; = Ti4+1 = 7~_2i+1- This
gives

{de(i) (@dx(i)(t — Ti, gi))}tE[Ti,Ti+1]
= {Tax(i) (&)} € ccl{Tax(i-1) (&), Taxi) (&) }-

Now since 7, (7) = =* (again because 7 is connected) and
& €7, & = my(€2;) = x*. Therefore,

= U {preal

X € Soo(BI(H))

with &g € 7
KX
= U (U cel {Tgx(i—1y (&), Taxiy (&) }
Xgeos:ozg{) i=1

U U {Fdx QDdX Ti7£i))}te[71,T1+1]>

= U Uccl{Fdx (i—1)

XESoo(H) =1
€g = a*

= YooY '#H).

“), Daxiy (z7) }

This completes the proof. [ ]
Proposition 5.3: There is a bijection
Yo" — gPH),

Proof: This follows from Proposition 5.2 and from
the fact that BI(H) has no DSPO’s . |

VI. IMPORTANT PROPERTIES OF BI(H)
In this section we prove the main results of this paper.
Theorem 1: BI(H
Proof: Suppose that BI(H) had a Zeno execution ¥ €
Soo(BI(H)); without loss of generality let ¥ € So (BI(H)).
Then ¥ = Z(x) for some execution xy of H. We are

assuming that x is Zeno, so Z(7); < B for some integer B
and all i € ASX), But

) has no Zeno executions.

2B +2

E(T)QB+2=T252+2—|— >B+1>B

which gives a contradiction. [ ]
Theorem 2: H and BI(H
Proof: First consider the case when p is a CSEP
or CSPO. By Proposition 5.2, T(u) is also a CSEP or a
CSPO. If € DE for i € QH, then Y(u) C DBI(H)
(note that this does not include the degenerate case Where
= DH, but the proof of this case is clear). Now pick &
such that Bs(n) C DH and Bs(Y(u)) C D?I(H). There is
an obvious bijection

{ x € S(H) with } o { x € S(BI(H)) with }
&0 € Bs(p) &0 € Bs(T(p))

Combining this bijection with the formula for Y'(u) given
in the proof of Proposition 5.2,

lW%(, &) = T()ll = ll9¥(¢, &) —

which implies &-stability equivalence.

Now consider the case where i is a DSPO or a MSPO;
in this case Y(p) is given in the proof of Proposition
5.2. Without loss of generality, only the executions in
Soo(H) and So(BI(H)) need be considered. For every

) are P-stability equivalent.

X € Se(BI(H)), x = Z(x). By Paragraph 5.2, for t €
[Toi, Toit1],
[X(t,60) = Y ()|

= ||7/1di(2i)(t - %21‘,521‘) - T(M)H
= [T ax (i) (@ax () (t = T2i,&)) = Y|l (2)
= [|@ax iy (t = Toi, &) — |
= |lpaxq)(t — i —1,&) — pll

and for ¢t € [To;—1, T2,

[4X(t,&0) = Y ()
= [[Yax(2i—1) (t — i1, €2i-1) — T(p)|
= I(1 =t + Toi—1)Tax(i—1)(&) (3)
+(t = T2i)Taxiy (&) — Tl

=[1& — pll-
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Conversely, for x € Soo(H), and ¥ € S (Bl(H)) such
that X = Q()NC), for t € [TZ‘7TZ'+1],
leX(t, &) — pll
= [leax()(t — 7i, &) — pl 4)
= [[thax 20y (t — T3 + 4, &2:) — T()]|-

To show Z-stability equivalence, it must be shown that

wis P-stable <  Y(u) is S-stable

for & = LYP, ASY, or EXP. Throughout the rest of
the proof, let Bs(u) and Bs(Y(u)) be sufficiently small
neighborhoods such that 7, (Bs(YT(1))) = Bs(u), and
consider only x € Soo(H) with § € Bs(u) and x €
S-o(BI(H)) with & € By(T(1)).

Z = LYP: (<) Follows from (2), (3) and (4).

& = ASY: We just showed that 1 is LYP if and only if
T(u) is LYP, so it only remains to show that

(=) Because

€0i-1 = T()]| = lI€2i = Y(w)ll = (1€ — wll,
it follows that

Hm [|[9pX (721, &) — T (w)

11— 00

= lim 9% (F2i—1,&0) — Y(p)]|

Jim (¢ — p
lim [|p¥ (73, &) = pull = 0,

which implies the result.
(=) Jlim {leX(7, &) — pll = lim [[& — pll
= lim [[&oi — Y ()]
71— 00

Jim [[9% (721, &) = T(w)]| — 0.

& = EXP: (<) Suppose that

(8, &) = T()ll < Me™** €0 — T (w)ll,

Then for all t € [1;, Ti11],

t e TX,

llax () (t — 75, ) — pl]
= [|[bax (20 (t — 7 + 4, &2:) — T(w)
< Mem iy — T ()|
< Me™||&o — p|-

(=) Suppose that

leX(t, &) — pll < Me™||go — pll, € T,

and define
f = ming,
o ™ (74,€0) — .l
) log e, =T
‘ -1 [[oX (Ti,80)—pell
i = 5 log e

It can be verified that 3 > 0, 3; < «, and for all t > 7o;,

emolt=i) < =Bt < =Bt
From this the result follows since for ¢ € [To;, T2;+1], by
(2),
19X (¢, &0) = T ()|
= [leax @ (t =7 —4,&) — p
< Me™*t9||gg — |
< Me P& — pl|
< Me 7o — T ()|

and for all ¢ € [To;_1, T2,

1%t o) — Y(w)]
= &2 — )l
< MeP% & = X (1)
< Me™ | — X ()|

Therefore,

l0¥(¢, &) — T(u)l| < Me & — X(w)], te T
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