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Abstract—Simultaneous Localization and Mapping (SLAM)
algorithms perform visual-inertial estimation via filtering or
batch optimization methods. Empirical evidence suggests that
filtering algorithms are computationally faster, while optimization
methods are more accurate. This work presents an optimization-
based framework that unifies these approaches, and allows users
to flexibly implement different design choices, e.g., the number
and types of variables maintained in the algorithm at each time.
We prove that filtering methods correspond to specific design
choices in our generalized framework. We then reformulate the
Multi-State Constrained Kalman Filter (MSCKF) and contrast
its performance with that of sliding-window based filters. Our
approach modularizes state-of-the-art SLAM algorithms to allow
for adaptation to various scenarios. Experiments on the EuRoC
MAV dataset verify that our implementations of these algorithms
are competitive with the performance of off-the-shelf implementa-
tions in the literature. Using these results, we explain the relative
performance characteristics of filtering and batch-optimization
based algorithms in the context of our framework. We illustrate
that under different design choices, our empirical performance
interpolates between those of state-of-the-art approaches.

Index Terms—SLAM, estimation, control, computer vision

I. INTRODUCTION

In Simultaneous Localization and Mapping (SLAM), a
robotic agent maps its uncharted environment while locating
itself in the constructed map [1]]. Applications include military
map construction, search-and-rescue missions, augmented and
virtual reality, and 3D scene capture [2-4].

Typical modern SLAM algorithms consist of front and
back ends. The front end performs feature extraction, data
association, and outlier rejection on raw sensor data. The back
end then uses dynamics and measurement models for infer-
ence over the processed data, and produce compatible state
estimates. Back end algorithms are often considered one of
two classes—Gaussian filtering or batch optimization based.
Filtering methods iteratively refine the distribution of recent
states under a Gaussian prior [5H7]], while optimization meth-
ods iteratively estimate states as solutions to an optimization
problem, with objective constructed from inertial measurement
unit (IMU) and image reprojection error terms. In particular,
factor graph-based approaches efficiently solve optimization
problems over past variables via factorization schemes that
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maintain the sparsity of the underlying least squares prob-
lem [|8H11]. Keyframe-based methods are optimization-based
approaches that retain only a small subset of maximally
informative frames (“keyframes”) in the optimization window
arbitrarily spaced apart in time, while dropping all other
poses [12]. Empirically, both classes of algorithms attain state-
of-the-art performance, though the latter often attain higher
accuracy at the cost of longer compute times [ (12} |13]].
Prior literature contrasted theoretical and empirical proper-
ties of filtering and batch optimization algorithms. Scaramuzza
and Fraundorfer compared filtering and bundle adjustment-
based methods for visual odometry [14] [15]]. Frese et al.
surveyed the use of grid-based and pose graph-based SLAM
algorithms from a practitioner’s perspective [[16]. Huang and
Dissanyake conducted a theoretical study of the consistency,
accuracy, and computational speed of filtering, optimization-
based, and pose-graph SLAM [17]. Khosoussi et al. exploited
sparsity in SLAM problems by conditioning on estimates of
robot orientations [[18]]. Strasdat et al. conducted Monte Carlo
experiments on visual SLAM algorithms [19]], revealed that
including more features in the back end increased accuracy
more (compared to including more frames), and concluded that
bundle adjustment outperforms filtering, since its computation
time increases less drastically with the number of features.
In this work, we build upon prior literature by formulating
a unified optimization-based framework for the SLAM back
end that encompasses a large class of existing, state-of-the-art
SLAM algorithms. We use this unified framework to recast
the Extended Kalman Filter (EKF), Multi-State Constrained
Kalman Filter (MSCKF), and Open Keyframe Visual-Inertial
SLAM algorithm (OKVIS) as optimization-based back-end
algorithms, and compare the empirical performance of the re-
formulated MSCKF with that of sliding-window optimization-
based back-end algorithms, including the keyframe-based ap-
proach of Open Keyframe Visual-Inertial SLAM [12]. Some-
what surprisingly, the MSCKF outperforms sliding window
filters of comparable sizes on several datasets, despite not
performing multiple Gauss-Newton updates. We use our gen-
eralized framework to analyze these empirical findings.

II. SLAM: FORMULATION ON EUCLIDEAN SPACES
A. SLAM on Euclidean Spaces

SLAM estimates two types of variables: states and fea-
tures. The state at each time ¢, denoted x; € R% encodes
information describing the robot, e.g., camera positions and
orientations (poses). Feature positions available at time ¢ in



a global frame, denoted {f; ;|j = 1,---,p} C R%, can be
obtained by analyzing information from image measurements
{217 =1,-++ ,p} C R% and state estimates; these describe
the relative position of the robot in its environment. States and
features are described by an infinitely differentiable (i.e., C'°°)
dynamics map ¢ : R% — R% and a C*> measurement map
h:Ré% x R — R9%, via additive noise models:

T = g(@) +w,  wp ~N(0,5,), (D
2t = h(l‘t, ft7.j) + Vt,j, Vt,j ~ N(Oa Zv)v (2)

where ¥, € R%*d ¥ >0 and ¥, € R%*d ¥ > 0.

For localization and mapping, SLAM algorithms main-
tain a full state (vector) T; € R<%, in which a number
of past states and feature positions are concatenated. The
exact number and time stamps of these states and features
vary with the design choice of each SLAM algorithm. For
example, sliding-window filters define the full state z; :=
(.’Et,n+1, e, Tty ft,p7q+17 ce aft,p) € Rd, with d := dxn +
drq, to be a sliding window of the most recent n states,
consisting of one pose each, and the most recent estimates, at
time ¢, of a collection of ¢ features [J5, [6]. Batch optimization
methods, on the other hand, maintain all states and features
encountered in the problem up to the current time [8H11]].

Equations (1)) and (2) do not involve overparameterized state
variables, e.g., quaternion representations for poses, which are
discussed in Section

B. SLAM as an Optimization Problem on Euclidean Spaces

SLAM estimates state and feature positions that best enforce
constraints posed by given dynamics and measurement mod-
els, as well as noisy state and feature measurements collected
over time. This is formulated as the minimization of the
sum of weighted residual terms representing these constraints.
For example, weighted residuals associated with the prior
distribution over 77 € RY, the dynamics constraints between
states x;,T;41 € R4 and the reprojection error of feature
f; € R4 corresponding to the state z; € R% and image mea-
surement 2, ; € R%, may be given by Zal/g(xﬁ — o) € RY,
E;UQ (.’L'Z‘+1 — g(a:i)) € R and 251/2 (zi’j — h(z;, ft,j)) €
R? respectively (here, 1 < i < n—1,1< j < ¢q). We
define the running cost, ¢ : R%="+ds4¢ 5 R, as the sum of
weighted norm squares of these residuals. For example, for a
sliding-window filtering algorithm for SLAM:

t—1
@) =T —pollir + D lrn — 9@z @)
i=t—n+1

P t
+ Z Z ||Zi,j _h(tht,j)‘@:;h

j=p—qt+li=t—n+1

where ||v||% := v T Av for any real vector v and real matrix A
of compatible dimension.

To formulate SLAM as a nonlinear least-squares problem,
we stack all residual terms into one residual vector C(Z). For
example, for the sliding-window filter given above:

Cm) = [(g (@ — o))"
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X, 1/2(Zt,p—q+1 — h(z, ft,p—q+1)))
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X, 1/2(Zt,p_h(mtaft,p))) ] € Rn=Ddatnads

Thus, ¢(7;) = C(z;) " C(F;), and the SLAM problem is now
reduced to the nonlinear least squares problem below:

min .¢(7;) = min.C (%) " C (%) )

Section [[V] introduces the main algorithmic submodules used
to find an approximate solution to (@).

ITII. SLAM: FORMULATION ON MANIFOLDS

Here, we generalize the SLAM formulation in Section
to the case where dynamical states are defined on smooth
manifolds rather than Euclidean spaces. SLAM often involves
the orientations of rigid bodies, which evolve on a smooth
manifold embedded in an ambient space, e.g., rotation matrices
expressed as unit quaternions. In such situations, we use
boxplus (H) and boxminus (H) operators, defined below, to
perform composition and difference operations in the iterative
algorithm presented in Section while enforcing constraints
imposed by the manifold’s geometric structure.

Suppose the full state = evolves on a smooth manifold M,
with dim(M) = n. For each x € M, let m,, : U, — V, be
a diffeomorphic chart from an open neighborhood U, C M
of x € M to an open neighborhood V,, C R™ of 0 € R".
Without loss of generality, suppose m,,(z) = 0. The operators
BH:U,xV,—>U,and B:U, x U, — V, are defined by:

rB =7, () 5)

In essence, FH adds a perturbation § € R™, in local coordinates,
to a state x € M, while B extracts the difference § € R", in
local coordinates, between states x,z’ € M covered by the
same chart. Below, “0” often describes an error or increment
to a nominal state on the manifold.

A. Manifold Examples

This subsection gives examples of the HH, H and 7 operators
for manifolds that occur widely in SLAM: the set of unit
quaternions, H,,, and the set of rotation matrices, SO(3).

Each ¢ € H,, is expressed as ¢ = (qu,G,) Where ¢, € R
and ¢, € R3 denote the scalar and vector (imaginary) parts,
respectively, with ||¢|| = \/q2 + ||7»]|3 = 1 (JPL convention).
Here, the coordinate map 7 : H,, — R? is defined as the Log
map on H,; its inverse 7! is the Exp map. Specifically, we
write each ¢ € H, as ¢ = (cos(4), sin(4)a) for some 0 €
[0, 7], & € R3 with ||| = 1, i.e., the quaternion ¢ implements
a rotation about the axis ¢ by € radians counterclockwise.
Then, 7 : H, — R3 and 7~ : B,(0) — H,, are defined by:
(Br(0) :== {z € R®: ||z||2 < 7} denotes the image of )

7(q) = Log(q) = 0,



77 1(03) = Exp(0&) = (cos(0/2), sin(0/2)a).

The H and H maps are then implemented via the standard
quaternion product % : H,, x H, — H,:

Ga B = qo x Exp(d)
4o B = Log(q, ' * qa)
For SO(3), we define H and H similarly, i.e.,

R,B& = R, Exp(d)
R,B R, = Log(RI'R,)

Often, the full state in a SLAM problem exists in the
Cartesian product of a finite collection of manifolds, since
it contains poses and features on their own manifolds. For a
product manifold M; x M, with projection, increment, and
difference maps already defined on M; and My, we define
H and B on M; x M5 by:

(91,92) B (&1,&2) = (g1 B &1, 92 B &)
(91,92) B (h1, h2) = (91 B hy, g2 B ha)

B. SLAM as an Optimization Problem on Manifolds

The SLAM problem can be formulated on manifolds using
modified cost functions, where plus and minus operations are
replaced with B and B when necessary. (Appendix [AT).

IV. MAIN ALGORITHM
A. Algorithm Overview

This section details submodules for a general SLAM algo-
rithm, using state variables and cost terms defined in Sections
and We first introduce a formulation on Euclidean
spaces. Below, denote the state and concatenated cost vector
by 7; € R? and C : R — R%c, respectively. (e.g., the sliding
window filter in Section would correspond to d = dn+dyq
and do = (2n — 1)d,; + nqd.). The SLAM problem is then
equivalent to solving the nonlinear least-squares problem (@),
reproduced below:

min..c(77) = min .|| C(77)|3.
Xy Tt

B. Gauss-Newton Descent

Gauss-Newton descent minimizes ¢(T;) via Gauss-Newton
steps (Alg.[3), by iteratively approximating ¢(Z;) about a given
linearization point Tz* as a linear least-squares cost term, i.e.,

@n.c(ft) :HED.”E_,U/tHQE—l “!‘O(Tt_-rit*) (7N
Tt Tt t

for some p; € R? and 3y € R4, The theorem below de-
scribes the linearization procedure required to obtain j; € RY
and ¥; € R4 and the approximation involved.

Theorem 4.1: (Gauss-Newton Step) Let 7;* € R? be a
given linearization point, and suppose J := g—% € R4 xd has
full column rank. Applying a Gauss-Newton step (Alg. [3) to
the cost ¢(Zy), about T;* € R? yields the new cost:

o(@) = [T — wll5 -+ + 0@ — 71"),

where 1; € R and ¥, € R4¥¢ are given by:

S ()T
pe 35— (JTI)TLITO®@).
Proof: See Appendix (Section [B2). ]

C. Marginalization of States

The marginalization step (Alg. ) reduces the size of the
SLAM problem by removing states that are no longer relevant,
thus improving computational efficiency. First, we partition
the overall state 7; € R? = R *Ix into a marginalized
component Tyar € R, to be discarded from 77, and
a non-marginalized component Ty € R, to be kept.
Then, we partition ¢(Z7) into two cost terms: ¢1 (T¢ i ), which
depends only on non-marginalized state components, and
c2(Tt.x, Tr,ar) which depends on both marginalized and non-
marginalized state components:

() = c(Tr, Tar) = c1(Tk) + c2(Tie, Tar)
= |C1(@K)|3 + | Co(Tx, Tar) 13-

Here, C,(Tx) € Rt and Cy(Tx,Zpr) € RY02 denote
the concatenation of residuals associated with ¢;(Tx) and
co(Tx, Tar) (with de = de 1 +de.2). To remove Ty a7 € RIM
from the optimization problem, observe that:

minc(#) = _min_(ea(70x) + 2. 7o) )

Tt T, K ,Tt, M

— min (/|C1 (@)1 + min ||Ca (@, 7230113 ) -
Tt K Tt,M

To remove T; 57, we approximate the solution to the inner
minimization problem by a linear least-squares cost, i.e.:
min || Co(@e, Fean) s ~ [k — e eligo

for some Ji, ; € R and ¥, x € RIx¥4x  Since
|Co(Tr7, Trar) |13 is in general non-convex, we obtain e ¢
and ¥, x by minimizing the first-order Taylor expansion
of ||Co(Trx,Trar)||3 about some linearization point. Below,
Theorem details the derivation of 1, ; and 3¢ k- (For the
proof, see Appendix [B3).

Theorem 4.2 (Marginalization Step): Let 7;* € R? be a
given linearization point, and suppose J := g—% € Rexd has
aC c RdCXdK, JM =

full column rank. Define Jx = ==
aC

e Rdoxdu | [f C(T¢a1, %) were a linear function
of T; = (Tt.a1,Te.k ), then applying a Marginalization step
(Alg. E]) to the cost ¢(Tz), about the linearization point T;* =
(II,IO];;M) € RY, yields:

min e(Ty k., Tear) = min.(cl(xt,;{) + min cQ(xt7K,xt7M)>,

Tt Tt K Tt, M
(®)
where X i € R4x*dx and y; x € RI% are given by:
_ —1
Ser = (T[T = T (Tapdan) T Tk) )

pe i = 0y g — Do i [I = Tar(JygIar) "IN Co(a).
(10)



D. Main Algorithm on Manifolds

The Euclidean-space framework above can be directly ex-
tended to a formulation on manifolds, by using concepts in
Section to modify the dynamics and measurement maps
in Section as well as the cost functions, Gauss-Newton
steps, and marginalization steps in Sections When
appropriate, plus and minus operations must be replaced with
B and B (Appendix [A2).

V. EQUIVALENCE OF FILTERING AND OPTIMIZATION
APPROACHES

Here, we demonstrate the equivalence of filtering and batch
optimization-based SLAM algorithms, using the Extended
Kalman Filter (EKF, in Section [V-A) and Multi-State Con-
strained Kalman Filter (MSCKEF, in Section[V-B), as examples.
Although similar results exist in the optimization literature,
they do not analyze algorithmic submodules unique to SLAM,
e.g., feature incorporation and discarding [20]. For an intro-
duction to the classical formulations of EKF and MSCKF
SLAM, please see Appendices [C2] [C4]

A. Extended Kalman Filter (EKF), on Euclidean Spaces

At each time t, the EKF SLAM algorithm on Eu-
clidean spaces maintains the full state vector z; :=
(@, fra, -, fop) € R +Pds  consisting of the most recent
state 2, € R% and feature position estimates feas fip €
R9 . At initialization (¢t = 0), no feature has been detected
(p = 0), and the EKF full state is simply the initial state
To = x9 € R, with mean py € R?% and covariance
Yo € Rd=xd=_ Suppose, at the current time ¢, the running
cost Cpx pt,0 @ RETPAr — RdaHpds jg:

CEKF1,0 = ||Tt — MtHZETI’

where @; = (x4, fi1, -+, frp) € RI% TP denotes the
EKF full state at time ¢, with mean u; € R4=+Pds gpd
covariance X, € R(@=+rds)x(detpds) First, the feature aug-
mentation step appends position estimates of new features
fot1, s forp € RY to the EKF full state #;, and updates
its mean and covariance. In particular, feature measurements
Ztpils  tZtptp € RY are incorporated by adding mea-
surement residual terms to the current running cost cgx r¢,0,
creating a new cost Cpx g1 : Rz +(+P)ds _ R:

cerF1(Tes frprts s frptp')
p+p’
=@ — el i+ Y Nk — hl@e frr) |31
t v
k=p+1

In effect, cgxr,+,1 appends positions of new features to Ty,
and constrains it using feature measurements residuals.

Next, the feature update step uses measurements of features
contained in Z; to update the mean and covariance of z;. More
precisely, feature measurements 2z 1., = (zm, e ,zt,p) S
RP4= | of the p features fi,---, fp included in Z;, are in-
troduced by incorporating associated measurement residuals

to the running cost cgx F,,0, Creating a new cost Cprr¢,2 :
Ré=FPds 5 R:
p
cexF2(T) = || — “t”zz;l + Z |2t,5 — h(z, ft,k)||2z;1~
k=1

A Gauss-Newton step then constructs an updated mean 7i; €
Re=+Pds and covariance 3; € R(detpds)x(datpds) for 7,
creating a new cost cprry3 : RePd — R:

cnrr3(E) = (& — %1,
t

which returns the running cost to the form of cgpr r 0.

The state propagation step propagates the EKF full state
forward by one time step, via the EKF state propagation map
g : Rl&=+rds _ Rd=+tPds To propagate i, forward in time, we
incorporate the dynamics residual to the running cost cgx .0
to create a new cost cpr 4 @ R2TPdi 5 R:

cerFa(Te Tr) = |2 —WH%t—l +llzers — gz 50

In effect, cpxF4 appends the new state x;1q € Rz
to Z;, while adding a new constraint posed by the dy-
namics residuals. A marginalization step, with Z;x :=
(Tes1s frase o s frp) € RETPY and 3y = 2 € R,
then removes the previous state z; € R% from the running
cost. This step produces a mean ;.1 € R% P4 and a
covariance %, ; € R(detPds)x(datrds) for the new EKF
full state, ;11 := Z4 k. The running cost is updated to
CEKFt+1,0 : RETP 5 R:

CEKF+1,0(Tt41) = [|Ze1 — ut+1H22t—+117

which returns the running cost to the form of cpr r 0.

The theorems below establish that the feature augmenta-
tion, feature update, and state propagation steps of the EKEF,
presented above in our optimization framework, correspond
precisely to those presented in the standard EKF SLAM
algorithm (Alg. [5) [5} 21]]. (For proofs, see Appendix [C3).

Theorem 5.1: The feature augmentation step of standard
EKF SLAM (Alg. [6) is equivalent to applying a Gauss-Newton
step t0 CExFt,1 : R(d$+pdf)+p/df — R, with:

cer 1 (T frprts s foptp)
p+p’
=l = lls + Yz = bl fa) 3ore
h v
k=p+1

Theorem 5.2: The feature update step of standard EKF
SLAM (Alg.[7) is equivalent to applying a Gauss-Newton step
on cprp2: Ré=Pdr — R, with:

P
corra2(@e) = — mell5 + Y 2w — hl@r, for) 31
k=1

Theorem 5.3: The state propagation step of standard EKF
SLAM (Alg. is equivalent to applying a Marginalization
step 0 cpi 4t R2eTPdr — R with:

cprFaa(@e ter1) = 18— Tyl5-1 + 21 — glze) 50
; “

where &y i = (@441, fra, -, frp) € R:+Pds and 7, 5y =
Ty € Rd.
Remark 5.1: In practice, Gauss-Newton steps for pose aug-

mentation can be delayed and done with feature updates.



Algorithm 1: EKF SLAM on Euclidean spaces, as an
iterative optimization problem.

Data: Prior N (po, X0) on xg € R% | noise covariances Y.,
3y, dynamics map g, measurement map h, time
horizon T

Result: Estimates &, € R% vVt € {1,---,T}.

-

fo@) = llzo — poll2
0

2 p+ 0.

3fort=0,1,---T do

4 (2¢,p+1, ", 2t p+p’) < Measurements of new features.

5 costy <— cost; + Zziz;l Iz, — h(xt, fk)”;;1

6 ﬂt < (ﬂt,é(mt, Zt7p+1), s ,E(xt, Zt)erp/)) &
Ré=+(p+p")dys

7 [it, 2¢, cost; < 1 Gauss-Newton step on cost;, about Jiz
(Alg. B).

s | peptyp

9 (2,1, -+, 2¢,p) < Measurements of existing features.

10 costy — coste + > b _; |2tk — h(ze, f’k)HQE;1

11 [it, Xt, cost; <— 1 Gauss-Newton step on cost;, about s,
(Alg. B).

12 Tt e € Rderpdf.

13 if ¢ < T then

14 costy <— costy + ||ze41 — g(act)||;,1

15 [ht+1, Dt41,CO8t <— 1 Marginalizgtion step on

coste41 with @ = ¢, about (fir, g(7z¢)) (Alg. [).
16 CoStyy1 <— th—O—l — Ht+1“§:—1
t4+1

17 end

18 end

19 return Zo,- - , &

B. Multi-State Constrained Kalman Filter (MSCKF), on Man-
ifolds

The MSCKF algorithm maintains a full state, z; € Xy X
(Xp)™, containing the most recent IMU state, zimy € Ximu
and n recent poses, (21, ,Tp) € (Xp)™

Ty = (T U, T1, -, @) € Xmu X (&))",

with mean g, € Xmu x (X,)" and covariance ¥; €
R(dmutnds)x (dmutnds) -~ Ag new poses are introduced, old
poses are discarded, and features are marginalized to update
T, the mean y;, covariance >, and n € N accordingly.

At initialization (tf = 0), no pose has yet been recorded
(n = 0), and the full state & is the initial IMU state Zo My €
Xvu, with mean ji9 € Xy and covariance ¥ € Rmvxdivu |
Thus, Zg = po optimizes the initial running cost cypssckF,o :
Xvu — R in our algorithm:

~ ~ 2
cmsckF,0(Zo) = [|Zo B HOHZ(;I-

Suppose that, at the current time ¢, the running cost

CMSCKF.L0 - Xmu X (Ap)™ — Ximu x (Ap)" is:
emsckFo(Te) = |17 B ﬂt”;t—l,

where p; € XAimu X (Xp)n and X; € R(dnu+nde) X (dinmy+ndz)

denote the mean and covariance of the full state z; :=

(xemu, 1, -+, Tpn) € Xmu X (Ap)™ at time ¢, consisting

of the current IMU state and n poses. When a new image
is received, the pose augmentation step adds a new pose

Tpi1 € X, (global frame) to Z;, derived from zMY € Xwu,
the IMU position estimate in the global frame, via the map
"(,ZJ : )(IMU X (Xp)n X XIMU — X, , i.e.,

-, IMU
Tnt1 1= ¢($t7$n+1) € XP'

The feature update step uses features measurements to
update the mean and covariance of Z;. In MSCKF, features
are discarded if (A) unobserved in the current pose, or (B)
n > Nmax, a specified upper bound, in which case | Npax /3
of the n poses, evenly spaced in time, are dropped after
features common to these poses are marginalized. Let S, ;
and S > denote sets of pose-feature pairs (24, fj) from cases
(A) and (B) above, respectively, and let Sy denote the set
of features to be marginalized (Alg. [0). These constraints are
then incorporated into the running cost, creating a new cost
cMSCKF2 @ Xvu X (Ap)" — R:

emscrre2(Tt)
=z, B /~Lt||2g;1 +

>

(zi,f5)€S82,1USz 2

225 B bz, £)II5+,

where 2; ; € R% denotes the feature measurement of feature
j observed from pose x; € X),. By using Gauss-Newton
linearization, we leverage constraints posed by the measure-
ment residuals to construct an updated mean for Z;, denoted
Tz € Ximu % (Xp)™, and an updated covariance for &, denoted
T, € Rlmutnds)x(dmutnds)  Ag a result, our cost will be
updated to CMSCKF,t,3 " Ximu X (Xp)” — R:

emsor 3 (Eh) = || Bl%-1,
t

which assumes the form of cyrsckF 0

The state propagation step propagates the full state by incor-
porating dynamics residuals into the running cost cyrsc K F 1,05
creating a new cost carsci F,a ¢ Ximu X (Ap)" X Xy — R:

cMmsCK Fita(Tts Teg1,MU)

= ||& EWH%A + |2t 41,mu B gIMU(fEt,IMU)H;;I-
t

In effect, cyprscxrea appends the new IMU variable
Ti+1,IMU € Ximu to the current full state Z; € Ximu X (Xp)n,
and constrains this new full state via the dynamics residuals. A
marginalization step, with Z; x := (@441, mMU, 1, ,Zpn) €
Ximu X (Xp)™ and Ty pr = Ty mmu € Amu, then removes
the previous IMU state, x¢ mu, from the running cost. This
produces a mean p; 41 € Xmu X (A,)" and a covariance
i1 € Ridmutnds)x(dmutnds) for the new MSCKEF full state,
Tip1 = Ty = (Te41,MUs T1, 7 5 Tp) € Ximu X (&))", The
running cost is updated to caprscr F 41,0 © Xmu X (Ap)" — R:

eMSCKFt+1,0(Zt41) = || T2 B /~Lt+1||;t—+11,

which returns the running cost to the form of cyrsck F,t,0-

The theorems below establish that the feature augmentation,
feature update, and state propagation steps of the MSCKE,
presented above in our optimization framework, correspond
precisely to those presented in the standard MSCKF (Alg. [9)
[6]]. (For proofs, see Appendix [C3).



Algorithm 2: Multi-State Constrained Kalman Filter
(MSCKF) on manifolds, as iterative optimization.

Data: Prior N (o, X0) on xmu,0 € Ximu, noise covariances
3w, 2, dynamics gmvu, measurement map h, time
horizon T, Pose transform ¢ (IMU — global) , € > 0.
Result: Estimates & for all desired timesteps
te{l,---,T}.
1 costy < ||zo B pol|3,. (Initialize objective function).
2 5:,82,5:1,5:2 ¢

3 (n,p) « (0,0)
4 fort=20,---,7 do
5 while new pose x,4+1 € &), recorded, new IMU
measurement not received do
6 costy < costy + € V| zpr1 B(Fe, 20013,
7 e, 2¢, costy <— 1 Gauss-Newton cost; (Alg. ,
about (pr, Y (pe, To?)) with e — 0.
8 {2n+1,;} « Feature measurements at Z,41
9 S: 4+ 82 U{(@nt1, f;)|f; observed at n + 1}
10 n<n-+1
11 if n > Npax — 1 then
12 Sz {zilimod 3=2, and 1 <: < n.}
13 San < {(wi, fj) € Sz €
Sz, feature j observed at each pose in Sx}
14 end
15 S.2 = {(zi, f;) € Sz|f; not observed at x,, }.
16 COSty <—
costy + 32, ryes, 1us, o 1703 B A(@, fir5)ll5
17 iz, 2t, cost; <— 1 Gauss-Newton step on cost;,
about p; (Alg. B)
18 Tt e € Ximu X (Xp)".
19 S, +— Sz\(SZJ @] {(.’L’l, fJ)|{Bz € Sz})
20 Reindex poses and features in ascending order.
21 (p,n) < (p—|S¢l,n — [S])
22 end
23 if ¢ < T then
24 costy < costy + ||Zey1,mu B gIMU(mt,IMU)H;l—Ul-
25 Wt+1, 241, c0sty <— 1 Marginalization step on cost;,
about (fzz, g(pe,mu)) (Alg.
26 end
27 end

28 return o, - E7 € Ximu X (Xp)"

Theorem 5.4: The pose augmentation step of the standard
MSCKF (Alg. is equivalent to applying a Gauss-Newton
step to cprsCcKFt1 : Xmu X (Xp)n X Xmu — R, with:

emscr P (Tt Tng1)
=z 8 Mt||22t—1 + € Hzngr Bo(@, 2013,

and taking € — 0 in the resulting (augmented) mean y; and
covariance ;.

Theorem 5.5: The feature update step of the standard
MSCKEF (Alg. [TT) is equivalent to applying a Marginalization
step to caprscr Fe2 | Ximu X (Ap)™ X RISrlds s R, with:

CMSCKF,t,Q(ita fo)

>

(zi,f5)€S82,1USz 2

=% EutH;;l + 25,5 B (@i, )51,

where fs, € RISsI%7 denotes the stacked vector of all feature
positions in Sy (see Alg. [9).

Theorem 5.6: The state propagation step of the standard
MSCKEF (Alg. [T2) is equivalent to applying a Marginalization

step 0 CprSCKFt4 - Xmu X (Xp)n X Xmu — R, with:

emscrF ATty Tiv1,MU)

=% EWH%A + ||t 41,mu B gIMU(xt,IMU)H;:l-
t t

with i’t,K = (xtJrl,IMU;"L'la"' 7Zl'n) S XIMU X (Xp)n and
Ze,M = Ty, MU € XMU-

C. State-of-the-Art SLAM Algorithms

Our framework balances the need for computational ef-
ficiency, estimation accuracy, and map precision, tradeoffs
observed in design choices of existing SLAM algorithms.

o Extended Kalman Filter (EKF) [5, 21}, 22|] -The EKF
iteratively updates position estimates of the current pose
and all observed features; all past poses are marginalized.
This design favors computational speed over localization
precision. A variant, the iterated Extended Kalman Fil-
ter (iIEKF), takes multiple Gauss-Newton steps before
marginalization to tune the linearization point. This im-
proves mapping and localization accuracy but increases
computation time.

o Multi-State Constrained Kalman Filter [6, |7, |23]—The
MSCKEF iteratively updates a full state, with the current
IMU state and n past poses; here n < Np.x, a specified
upper bound that trades off accuracy and computational
speed. Features are stored separately.

« Sliding Window Smoother, Fixed-Lag Smoother [10,
24, 25]—The fixed-lag smoother resembles the MSCKEF,
but performs multiple steps of Gauss-Newton descent
before the marginalization step, to tune the linearization
point. This improves mapping and localization accuracies
at the cost of increasing computation time.

o Open Keyframe Visual-Inertial SLAM (OKVIS)
[12]—OKVIS updates a sliding window of “keyframes”,
poses deemed most informative, which may be arbitrarily
spaced in time. Keyframe poses leaving the sliding win-
dow, and associated landmarks, are marginalized. This
design aims to improve estimation accuracy by maxi-
mizing information encoded by the stored poses, without
increasing computation time.

e GraphSLAM and Bundle Adjustment [21, 26] —
These algorithms solve the full SLAM problem, with
no marginalization. Their state estimation can be more
accurate than the above algorithms, but also far slower.

VI. EXPERIMENTS

This section describes the empirical performance of differ-
ent marginalization schemes on pose tracking of real-world
data. We examine the MSCKEF [6], a standard sliding window
filter, and the keyframe-based OKVIS algorithm [12], each
implemented as an incremental optimization algorithm of the
form presented in this paper.

A. Simulation Settings

Experiments are performed on the EuRoC MAV dataset of
stereo image sequences and IMU data [27]. We standardize the
front-end across all experiments and implementations, using
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Fig. 1. Localization on Vicon Room 2 (medium). Drift from ground-truth is

plotted against the distance traveled along the ground-truth trajectory, sampled
at 5 meter intervals. (Note: MSCKF and iMSCKEF curves almost overlap). We
apply trajectory alignment as in [30].

BRISK keypoint features with brute-force matching. Outlier
rejection between the two cameras in the stereo setup is
performed using a simple epipolar constraint test, and outlier
rejection between stereo frames taken at subsequent timesteps
is performed with reprojection distance test using the latest
estimate of the feature position and camera pose. We use
GTSAM in C++ in the back-end to construct and update
costs, compute Jacobians, and implement Gauss-Newton and
marginalization steps [8, [28]. To construct dynamics and
measurement maps, we collect on-board IMU odometry mea-
surements, and apply the IMU pre-integration scheme in [29]].
(Appendix [D). We apply trajectory alignment as in [30].

B. Results and Discussion

Localization root-mean-squared error on Vicon Room and
Machine Hall sequences from the Euroc MAV dataset are
presented in Table [l Due to space constraints, only the
estimator drift on the V2_02 sequence is plotted (Fig[I). First,
we analyze standard sliding window filters of window size
n = 5,10, 20 frames. Features are marginalized when they are
only visible in the oldest frame in the optimization window.
EKF and iEKF are also included, and are implemented as
sliding window filters with window size 1. For the former,
only 1 Gauss-Newton step is taken, and in the latter, steps
are taken until convergence. Next, we implement MSCKF
as an incremental optimization algorithm (Section [V-B), with
window size n = 5, and with two optimization schemes:
(1) the standard formulation, with one Gauss-Newton step
after marginalization, and (2) a version that takes multiple
Gauss-Newton steps until convergence (“Iterated MSCKE,” or
iMSCKEF). Finally, we implement OKVIS with IMU window
size n = 3,10, keyframe window size k = 5, and marginal-
ization and keyframe selection schemes identical to those in
Leutenegger et al. [12].

Our experiments show that, overall, OKVIS outperforms
baseline sliding window filters, even when the latter has a

larger window size. Moreover, our MSCKF implementation
outperforms sliding window filters and OKVIS, even under
challenging camera motions, despite the latter maintaining
nonlinear constraints between camera poses and landmarks,
and taking multiple Gauss-Newton steps per iteration. This
persists even for sliding window filters with larger window
sizes. Taking multiple Gauss-Newton steps in the iMSCKF
estimator did not noticeably improve performance over the
standard MSCKE, as illustrated in Figure E}

In contrast with sliding window filter and OKVis implemen-
tations of comparable sizes, the MSCKF recovers better from
localization errors, by employing a marginalization scheme
that always maintains poses arbitrarily far in the past. This
is because older poses represent higher baselines and thus
supply better localization information [7]. For instance, the
MSCKF maintains the first pose in the estimator for a long
time, rendering subsequent estimates more consistent with
the initial pose, and thus minimizing drift at the start of
the trajectory. In contrast, although OKVIS allows keyframes
to be maintained arbitrarily far in the past, keyframes are
usually roughly evenly spaced and form a sliding temporal
window in camera motions. Thus, earlier poses are quickly
marginalized, causing estimates to drift more at the start of
the trajectory. Furthermore, the MSCKEF includes features in
the optimization window only after they have matured, and
thus maximally utilizes localization information with fewer
updates. Finally, incorporating only matured features ensures
that each feature is always initialized through multiple-view
triangulation instead of merely stereo triangulation. This min-
imizes the linearization error when features are marginalized.

VII. CONCLUSION

This paper presents a framework formulating and analyzing
optimization and filtering-based SLAM approaches as the
iterative application of key algorithm submodules, and proves
that it encompasses state-of-the-art filtering algorithms as
special cases. Experimental analysis indicate our formulation
is useful for analyzing various design choices inherent in
these existing SLAM algorithms, and implementing them in
a modular fashion for a wide range of robotics applications,
which we are eager to test on hardware.

As future work, we wish to apply our analysis to the dy-
namic SLAM problem, which concerns highly mobile features
[2,131] in practical multi-agent interactions, e.g., real-life traf-
fic scenarios [32], by designing marginalization strategies for
estimators that jointly track moving and stationary landmarks.
We expect good performance on the dynamic SLAM problem,
since it enables flexible user-selected design choices.
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The following supplementary material includes the ap-
pendix, which contains proofs and figures omitted in the main
paper due to space limitations.

A. Appendix for Section

1) SLAM on Manifolds: Dynamics and Measurement Maps

To formulate SLAM on a manifold, we must alter our
definitions of the state variables, features, image positions,
dynamics map, and measurement map. Let X be a smooth
manifold of dimension d,, on which the system state are
defined. Similarly, let F be a smooth manifold of dimension
ds, on which features are defined, and let Z be the smooth
manifold of dimension d,, on which image measurements are
defined (Often, F = R4 and Z € R4, e.g., with dy = 3 and
d, = 2). We then have:

Wy NN(Oa 210)7
Vt,j NN(O7Z’U)

T = g(x) By,
25 = h(wy, fr5) Bog,

where x; € X denotes the state at time ¢, g : X — X denotes
the discrete-time dynamics map, and w; € R% denotes the
dynamics noise, with covariance ¥, € R%*xd= 3~ 0.
Moreover, f;; € F denotes feature position j estimated
at the camera pose at time ¢, z;; € Z denotes the image
measurement of feature j measured from the camera pose at
time ¢, h : X x F — Z denotes the measurement map, and
vy € R% denotes the measurement noise, with covariance
Y, € REXxd= 5w (),

As before, SLAM concerns an optimization problem over a
collection of poses and features, e.g., a sliding window of the
most recent poses in the states {z; € X|i =t—-n+1,--- ¢}

and features {f,; € Flj=p—q+1,--- ,p}
Ty 1= (xtfnJrlv"' 7xt’ft,P*Q+17'” ’ft»p)
€ x™ x Fi.

We assume that 7; is associated with a prior distribu-
tion with mean pg € &A™ x F? and covariance ¥y €
R(ndIJrqdf)X(ndIJrqdf).

2) SLAM as an Optimization Problem on Manifolds

In this subsection, we interpret the SLAM problem on man-
ifolds as the optimization of a cost function ¢ : X" x F? — R,
constructed from residual terms of the same dimension of
the minimal coordinates of z;, x; and z,. In particular, we
must generalize to the case where the states, dynamics
and measurement maps are defined on and between manifolds.
This involves replacing + and - operators with BH and H
operators, when necessary. For example, the sliding-window
filter window presented in Section[[l] would be associated with
the cost ¢ : X" x F4 — R, given by:

(@) = IIﬁBuoH;-l

>

1=t—n+1

Py Y

Jj=p—q+li=t—n+1

i1 B g(i)l[5-1 (zis1 B g(a))

|Z'L] H h xuft ])”2—1

Similar to Section[lI] we stack all residual terms into a single
residual vector C(Zz). For example, for the sliding-window
filter above, we have:

C(@) = [(2‘“2(:@ S o)) |

o1 Bg(@—n)) - (£ (2, B gl 1>>)

(Za3(

(Z 1/2(Zt nt1,p—g+1 B A(@t—nt1, frp—q+1 ))
T

(S52(2t—ns1p Bh(Tont1, frp)) o
.

(352 (2tp—qi1 B (e, frp—qr1))) -

T
»ol/2 (zep B (e, frp))) }
€ R2n—1de+pds+ngd.

As aresult, ¢(77) = C(77) " O (), and the SLAM problem is
now reduced to the following nonlinear least squares problem:

min .¢(77) = min .C(z7) " C(%7) (1)

Section introduces the main algorithmic submodules used
to find an approximate solution to (TT).

3) Jacobians Under Box Operators

In subsequent proofs, we require the following results
regarding the behavior of Jacobian matrices under the B and
B operators. In particular, we will focus on the case where
the box operator acts on elements of SO(3), since SO(3) is
the non-Euclidean-space Lie group that appears most often in
this paper.

Definition A.1 (Jacobian on SO(3)): We say that f
SO(3) — SO(3) is differentiable at R € SO(3), with
Jacobian denoted by:

9
00
if the following equality holds:

f(R) e R®*?,

|f(R®B 0B F(R) -
160112
Theorem A.2: Suppose f : SO(3) — SO(3) is differen-
tiable. Then, for any fixed y € SO(3):
0 of
S B IR) = 5 1(R).

90
Proof: Using the definition of the B operator for SO(3),
we have, for any 660 € R3:

i,

lim =0.
660—0

+ O(y

y B f(R B 66)
— 8 (1R B 5500) + o(60)
s <f(R) Exp <Z£59)> +0(56)

g (w0 (~250) t07) ot

= Log <Exp (—ggw) Exp(y B f(R))> + 0(30)

=yBfR) +J, (yBf(R)) - (—ggé@) 0(66).

T



Here, we have defined J; ' : R3\{0} — SO(3) by:

_ 1 1 1+ cos||¢]|
Lgy=1— =" _ AY2
T O =I=50+ToE ~ 2o -smpoy ) )

in accordance with [33]. Here, A : R3 — R3*3 denotes the
wedge operator. Thus, we have:

9 - of
—(yB3 =—J HyB Ry
The theorem statement now follows. [ |
Theorem A.3: Suppose f : SO(3) — SO(3) is differen-
tiable. Then for any fixed y € SO(3):
0 of
5 (F(R)By) = = + O(/(R) By).
Proof: Using the definition of the B operator for SO(3),
we have, for any §0 € R3:

F(RBO) By
- (f(R) | ggaa) By + 0(56)

= (f(R) Exp (ggaé))) By + o(60)

= Log (yT f(R)Exp (ZJ;M» + 0(30)

= Log (Exp(f(R) Hy)Exp (%59)) + 0(66)

=f(R)By+ Jr_l(f(R) =] y) . (%59) + 0(69),
which implies:
DR By) = I (1B ) -

Here, we have defined J,~! : R*\{0} — SO(3) by:

_ 1 1 1+ cos||d||
JHO) =1+ 50"+ ( - . (0)?,
2 161> 2(|0] - sin [|6]|

in accordance with [33]]. The theorem statement now follows.

|

In subsequent discussions, when we consider dynamics and

measurement models of the form y = f(R) B n, where n €

R3 denotes small-magnitude, zero-sum noise, terms of order
O(yBH f(R)) and O(f(R)By) are often ignored.

B. Appendix for Section @
1) Algorithm Sub-blocks

Algorithm 3: Gauss-Newton Step.

Data: Objective C'' C, linearization point 7.
Result: Mean p, covariance X after a Gauss-Newton step.
1J+ 99+
Tt Ty
2 S JTT
3 e — (JT)THITO()
4 return f, 3¢

Algorithm 4: Marginalization

Data: Objective f = C'T C, vector of variables to
marginalize x; »s, linearization point ;.
Result: Mean pi; x and covariance ¥; x of
non-marginalized variables z7 r..
1 C < subvector of C' containing entries dependent on xxs.

ac ocC
2 J = [JK JM] — [BW zf 9Ty ar ﬁ}
3 S (T[T = Tar (Tl Jan) T Twe) ™
4 K X e — St [1- JM(JMJM)AJ;I] C=")

5 return fi i, 3t K

2) Proof of Theorem (Gauss-Newton Steps)
Here, we present the proof of Theorem .1} reproduced
below.
Theorem A.4: (Gauss-Newton Step) Let T;* € R? denote
a given linearization point, and suppose J := f= € Ric*d
has full column rank. Then applying a Gauss-Newton step to
the cost ¢(7;), about 7;* € RY yields the new cost:
c(@) = |7 — wlly -+ + 0@t — 71%),
where 1; € R and ¥, € R4¥¢ are given by:
S ()T
pe T — (JTI)TLITO@).
Proof: We have:
o(@) = C(@) " C(7)
—% — . —x o ol
= [C(It ) + J(It — Tt )] [O(It )+J(It — Tt )]
+ o(Tt — T¢")
= (@ — ) TSN (@ — o) + (@) + 0T — T,
where ¢ (T;*) € R denotes a scalar-valued function of Z;* that
is independent of the variable Z;. This concludes the proof. ®

3) Proof of Theorem (Maringalization Steps)
Theorem A.5 (Marginalization Step): Let 7;* € R denote

a given linearization point, and suppose J := g—% € Rdoxd
has full column rank. Define Jg = 82,0;( € Réoxdx apd
Jy = 225 e Rdoxdm [f Co(Tia1, Tr,ix) were a linear

3-”£t,,M
function of Z; = (T a1, T1,k ), then applying a Marginalization

step to the cost ¢(T7), about the linearization point T;* =
(%} g} pp) € RY yields:

min ¢o(T7 5, Tear) = [Tk — pexlla1
T, M t, K

where X g € R4x*dx and y; x € RI% are given by:
_ -1
Ser = (T [T = I (g da) i Ik)
pei =2y e — SecJpe [T — Jaa(Jipdar) ™ g | C ).
Proof: Tt suffices to show that:

min ¢ (T i, Te,01)
Tt, M

= (Tx — nx) T (Trr — px) + ¢ (7).
To do so, we first note that since Co(T7) is linear in Ty:

o2 (Tp) = |Co (@) |15 = ||Ca(af) + J2AT|3



= ||Ca(z}) + Ik ATtk + I AT a7 |3

By the method of least-squares, the optimal AZ; 5 is given
by the normal equation:

ATy = (T In) " Ty (02(1‘71?) + JKAJ%K)

Substituting back into our expression for ¢(Z;), we have:

min .co(Ty)
T, M

=[I(I = I (JagJar) " Tnp) (Ca(xf) + T AT k) |I5
= (Co@}) + Je AT ) [T = I (igIn) ™
(Co(a}) + Tk AT %)

=(TrK — i) T[T = I (Tip )~ Iy Ik

=3
(@t x — 7 )
+2@er — 1h ) T [ — I (TapTan) " a] Ca (@)
+ Co(@}) " [I = In (i Ia) ™ Tag) Ca ()
= (@r ~ g + Sac [ = I (T a) T I Ca(@)]) S

= UK
(Tox —2f g + Sk Jx [T = I (Japdan) " I | Ca(f) )
= THEK
+ Co(xf) (I = T (JapInr) ™ ny)

+(af
=Ttk — 1x) g Trk — px) + (@)

with X and pg as defined in the theorem statement, and
¢ (x7 € R as a term independent of 7.
|
4) Main Algorithm on Manifolds
Recall the states, poses, features, dynamics and measure-
ment maps, and costs defined in Appendix In particular,
the cost ¢(T) is given by:
«(T) = C(@) " O(7) (12)
Now, let £* be a chosen linearization point. Let éj* =Co
7. be the coordinate representation of the function C' near
Zz*. Recall that Cz+ is simply a function from one Euclidean
space to another. We can now Taylor expand to write:

~

C(z) = (C o myt) (5 (7)) = Ca- (AY)
= C+(0) + JAY + o(AY),

13)

where AY = ZHT* and J is the Jacobian of CA'E with respect
to A evaluated at zero. We then apply a modified version of
the algorithms from Section

1) Gauss-Newton Descent: Used to update the current

linearization point Zt*} to a new linearization point
‘,f{k-kl}'

f(1€.|_1) - T(k) 0 (_ (JTJ)_lJTC(f(k))) (14)

—1
K

After Gauss-Newton steps have been taken, the lin-
earization point T* is fixed, and all or part of the original
optimization problem, reproduced below:

mfin e(T) = mfin C@)'C(@)

is replaced with the following linear least squares opti-
mization problem:

min (ZB p) 'z B p) (15)

where the algorithm assigns:
p—z BTN oE)
Y (JT)Th

2) Marginalization: Used to remove variables T,y from the
optimization problem by applying linear approximation
to C—in particular, the optimization problem:

min .c(T)
x

is approximated by:

min .(Tx B px) ' S @k B pk),
Tx

where the algorithm assigns:
Pk — 5
(= SxJg[I = In(Typdn) " T ap] Ca(a¥))
Sk (JE[T = T (T In) " T Tx) 7

C. Appendix for Section M

1) Continuous to Discrete Time Formulation

The robotic systems analyzed by most mainstream SLAM
algorithms are described using continuous-time dynamics
models. The implementation of these algorithms thus involves
discrete-time propagation. We sketch this process below, in a
manner which is both mathematically aligned with the existing
literature and convenient for illustrating our optimization algo-
rithm, which operates using a discrete-time dynamics model.

To begin, let H and H, denote the space of quaternions
and the space of unit quaternions, respectively. Recall that the
time derivative of a smooth curve on H,, e.g., ¢ € H,, can be
expressed as an element of IH; in particular, there exists some
w € R? such that:

o]
Gg=qx* € H. (16)
w

Let X be the d,-dimensional Lie group inhabited by the robot
state x € X, given by the finite Cartesian product of Euclidean
spaces and unit quaternions. In other words, X can be written
as:

X=X % Xy,

where X}, is either H, or an Euclidean space, for each k €
{1,-++, N}. Inspired by (I6), we define:

X=X X X,

where, for each k € {1,---, N}, we have X] = H if &}
H,, and X} = X}, otherwise.



The fundamental question underlying the time discretization
process is as follows. Suppose the continuous-time dynamics
model for the robot state is given by:

#(s) = get (m(s), wc(s)),

with g.; : & x R% — X' smooth, and with w,(s) € R% as
zero-mean white noise with autocorrelation E[w,(s)w.(s")] =
K - §(s — §') for each s € R, where K € Ré:>d= K = (,
and §(-) denotes the Dirac delta function. Suppose w.(s) and
deviations in x(s) are treated as first-order perturbations. Can
we straightforwardly construct an approximate discrete-time
additive noise model, of the form:

Vs eR, (17)

Tiy1 = g(we) Bw(t), (18)

where z; := z(tg) € X, g : X — X smooth, and x4 :=
x(t;) € X and w(t) € R%, whose evolution agrees with that
of up to first-order perturbations?

We answer the above question in the affirmative, by de-
tailing below the time discretization process used throughout
the remainder of this section. With a slight abuse of notation,
we write the discrete-time states as z; := x(tp) € X and
41 = z(t1) € X for some tg,t; € R, with ¢y < 1. The
main idea is to first perform non-linear integration on a set of
nominal dynamics, which ignores error in the initial state and
the dynamics noise. We then correct for these perturbations
by assuming that they evolve as a linear dynamical system.

« Nominal state dynamics:
We define the nominal state dynamics as:

2(s) = get(2(s),0)

This is the set of dynamics that would be obeyed in the
absence of the white noise w.(s). If the solution &(s)
uniquely exists, we can construct a smooth function g :
X — X that maps &(to) to &(t1), i.e

E(t1) = g(2(to)),

which describes the discrete-time propagation of the
nominal state x(t).
o Error state dynamics:

To characterize the drift of the true state z(s) away
from the nominal state z(s), we define the error state
dz(s) = z(s) B di(s) € R, and characterize the
corresponding error-state dynamics as:

0 (s) = ger (x(s), we(s)) B ger (92(s), 0)

Vs eR.

19)

_of .
=3 01010) 520
+ 811{‘ (2(s),0) - we(s) + 0((530(3) . wc(s)),
‘ (20)

By approximating the dynamics of the error state dz(s) €
R? as a linear, time-varying system, we can write, for
each s € (o, t1):

ox(s) = @(s,tg)ésc(to)
+/t D(s,7) - gﬁi (z(1),0) -

2n

we(T)dr, (22)

where ®(s,ty) € R%*ds is the state transition matrix
satisfying:
d 0
%Cb(s,to) = %(3}(3),0) - D(s,tp).

o True State dynamics—Discrete-time propagation of mean
and covariance:
From the discrete-time propagation of the nominal
and error dynamics, i.e., (I9) and 2I), we have:

Ji(tl) = i‘(tl) H (53:(1‘,1)

= §(#(to)) B (‘I’(tlato)(Sx(fo)

+/th>(t1,7)- of (@(7),0)-wc(r)d7>
= (9@ (t0) B(t1, )bz (to)

Ea(/ttlcb(tm)- 0

f .
S (@(),0) ()
+ o(0z(to), we(+)),

where we have used the fact that the H operator, which
operates through:

Exp(06 + 0¢) = Exp(d6) - Exp(d¢) + 0(06 - d¢)

for any = € H and 66, 6¢ € R3.
Finally, by identifying:

Tiyq l‘(tl) S X
g(.%‘t) — 33 tl) H <I>(t1,t0)§:c(t0) S X

we [ 2600

we obtain our discrete-time dynamics model:

we(7)dr € R,

Ti41 = g(xt) B wy.

Notice that w; € R% %= ig a zero-mean random variable,
with covariance 3,, € R%*9= given by:

Yy = Elwaw,']

/t:I /totl (b1, c( #(7),0) - we(T)we (') T
(awc( (7 '),0))T¢(t1’ )TdeT,‘|

t1 T
- Mol a0 x - (hamo)
®(ty,7)" dr

where we have used the fact that E[w,(7)w.(7")T] =
K -6(t—7"), with §(-) denoting the Dirac delta function.

2) EKEF, Setup
The Extended Kalman Filter (EKF), whose standard for-
mulation is presented in Algorithm [3 is an iterative algorithm
for updating estimates of the current pose x; (i.e. n = 1)
and positions of all observed features at the current time,
fo="(fta1, -, frp) € RP?s . This corresponds to the sliding



window filter in our formulation, with n = 1 and ¢ = p.
Below, as an application of our optimization-based SLAM
framework, we present the dynamics and measurement maps
of the EKF algorithm in R2, as well as the associated cost
functions. Dimension-wise, in its standard formulation, the
2D EKF is an instantiation of Algorithm E] with d, = 3,
df = 2, and d, = 2. To unify our notation, we will suppose
that d,, dy, d, assume these values throughout the rest of this
section.

Let x; := (v7,22,6;) € R% denote the robot pose, com-
prising its position and angle in R4/, let f; 5 := ( ft{k, ff) w) €
R9s denote the position of each feature fi. € {f1, -+, f»}
visible at time ¢, and let z;x = (2{,,27,) € R% denote
the measurement of feature fj at time ¢. The dynamics map
g : R¥% — R with #; = g(x;) is obtained by performing
numerical integration on the continuous-time dynamics:

@ =wcosf 4w},
i? = vsinf 4+ w?,
) 3
0 = w+ wy,

where w; = (w},w?, w}) € RY% denotes additive zero-

mean Gaussian noise on the (x,y, ) coordinates of the state
variable, respectively, with joint covariance w; ~ N (0, %)
for some covariance matrix ¥,, € R% *d= ¥, '+ (. For more
details regarding the numerical integration process, see Section

Cl|in the Appendix.
pPp
The measurement map h : R% x R4 — R% is given by:

1 _ g 1 1
Rtk = ft,k — Ty + Vg,
2 _ 2 2 2
Rtk = ft,k — Ty + g,

where v; := (v},v?) € R?% denotes additive zero-mean Gaus-

sian noise on the measurements ztl o zfj € R, respectively,
with joint covariance v, ~ N(0,%,) for some covariance
matrix ¥, € R%xd- ¥+ 0. The measurement vector
z; € RP? is then given by concatenating each of the ¢ residual
measurements obtained at time ¢, i.e. z; 1= (211, - ,21,p) €
RP=,

3) Proofs from Section

Theorem A.6: The feature augmentation step of the stan-
dard EKF SLAM algorithm (Alg. [6) is equivalent to applying
a Gauss-Newton step t0 cpx 1 : RE=HPdr — R, given by:

CEKF,t,l(fta ft,p-‘rla T 7ft,p+P')
p+p’
A A S A Y ) o
+ v
k=p+1

Proof:

To simplify the analysis below, we assume all degrees
of freedom of new features are observed. More specifically,
we assume the existence of an inverse observation map
0 : R¥% x R% — R, satisfying h(xs, £(z¢, 2¢)) = 2 for
each x; € R% z, € R?, which directly generates position
estimates of new features from their feature measurements and
the current pose, by effectively “inverting” the measurement
map h : R% x R¥ — R? [5]. When full observations are
unattainable, the missing degrees of freedom are introduced as
a prior to the system [5[]; in this case, similar results follow.

Algorithm 5: Extended Kalman Filter SLAM, Stan-
dard Formulation.

Data: Prior distribution on o € R%: N (uo, Xo), dynamics
and measurement noise covariances
Y € ReXde 53 e R¥=*4= | (discrete-time)
dynamics map ¢ : R% — R%  measurement map
h:R% x RPY — R, time horizon T' € N.
Result: Estimates &, for all desired timesteps ¢t < 7.

1 fort=0,---,7T do
2 if detect new feature measurements

’
Zeptipte’ = (Ptpil, 0 Zepipr) € RP 9 then
e, 2, p < Alg. @ EKF feature augmentation

(/"/ta X, p, Zt,p+1:p+p’s h())

4 end

5 Zenp = (261, 2t,p) € RP?* « New measurements
of existing features.

6 e, 2t < Alg. |7} EKF feature update

(mv Et7 Zt,1:p, h())

7 if t < T then
Het1, 2e+1 < Alg. |8l EKF state propagation

(N’ta 2, g())

9 end
10 end
11 return Zo, - &p € R%,

First, to simplify notation, define:
s Ztptp) € IS
froripry = (Frprts s frprp) € RPY,
W@t fropttiprp) = (h(@¢, fepr1)s s 7@, frpip))
e Rpldz7
5, = diag{D,, - , 5, } € RP &=xP'd:

Ztptiptpy = (Ztp41,

We can now rewrite the cost cpx r,1 as:

cerF,1(Tes frpr1pip)
~ 2 7 2

=z — Mt”z;l + ||Zt,p+1:p+p/ - h(‘rtvft7p+1ip+p/)||i;1'

To apply a Gauss-Newton step, our first task is to
find a vector Ci(Z¢, fip+1:p+p) Of an appropriate
dimension such that cpxrre1(Et, frpriprp) =
C1(Zt, frpriprp)  C1(Zes frpriprp ). A natural choice is
furnished by Cy (%, fipr1.pip) € REFPAHP A= aq defined
below:

Cl(j:ta ft,p+1:p+p’)
22 (3 — )

—1/2 7
(Zt,p+1:p+p' - h(:z:t, ft,p+1:p+p’))

5,
Thus, our parameters for the Gauss-Newton algorithm sub-
module are:
j: = (l';? ft*,lzp7 ft*,p+1:p+p’)
__ dy d
= (H’hg(‘r:a Ztyp+1)7 T 7€(x:a ZtJH‘P/)) € R* +otp) 7,
where 2} € R% fF,. e RPY fr e RV
t s Jt,1:p s Jt,p+1:p+p’ )
—1/2,~
=Y (@ — )

Cl(i’:) = |lg —1/2 K -
2 (Zt’p"'l:p"‘p/ — h(zf, ftfp-&-l:p-‘rp’))



Algorithm 6: Extended Kalman Filter, Feature Aug-
mentation Sub-block.

Algorithm 7: Extended Kalman Filter, Feature Update
Sub-block.

Data: Current EKF state #; € R%1P4s  with mean
gy € R4=Pds and covariance
¥, € RUatpds)x(datpds)  current number of
features p, observations of new features at
current pose
Ztptiptp = (Ztpt1s7 05 Zpapr) € RP'd=,
measurement map h : R% x R% — R,
inverse measurement map ¢ : R% x R% — R9s.
Result: Updated number of features p, updated EKF
state mean y; € R4 P45 covariance
¥, € R(detpds)x(detpds) (with p already
updated)
1 (/’Lt,a:a ,ut,f,l:p) — Mt € Rdw‘i_pdf, with Mtz € Rdz,
Mt f1:p S def-
2 (:R% x R% — R% < Inverse measurement map,
satisfying z; j, = h(act, (x4, ztk)) for each z; € Ré=,
2k €ERE VE=p+1,--- ,p+7.
3 U Pty Ztpt1s s Zeptp) €
(g(/f‘t,w Zt,p-i-l)v e 7Z(Mt,am th-‘rp')) €
RP'ds x (do+p'd2)
4 g < (Ntvg(ﬂt,xv'zt,p+1a T 7Zt,p+p’)) € Ré=+(p+p)dys

5 Yiar Ltaf <;EtG]R(tigg+;zzul_,v)><(dgs+pdf)’With
St fo Dt ff

Et,xz S Rdedm’ Et,aﬂf Zt f:c Rdepdfy
X fr € RPdsxpds
6 Ly aé}(u ) € RP s
Lo Bl RO
8 O, — diag{¥,,--- ,%,} € RP d=xp'd:
9 Et —
Et,ww Et@f ZtﬂwL:—Er
Ytz Btff St,paly €

szt,zz szt,zf Lzzt,zzLI + invLZ
R+ (049 )dg)x (de (o4 )dg)
10p+p+yp
1 return g1 € R%HPdr 3, @ RUetpdr)x(deteds) 4 >

—

Data: Current EKF state 7; € R%1P4s  with mean
py € Ré=+Pds and covariance
¥, € RUatpds)x(datpds) pew measurements of
existing features
Ze1p = (201, 2tp) € RPY, measurement
map h : R% x R4 — R

Result: Updated EKF state mean p; € R9%+74s and

covariance Y; € R(da+pds)x(dot+pdy)

.ft,l:p A (ft,17"' aft,p) S def.

-

2 h(xtaft,ltp) — (h(xt,ft,l), cee ah(xtaft,p)) € Rpe:
3 Hy + 6(1;97;:110) Jacobian of

h: R x Rrds % RPe= evaluated at iy € Rd=+pds,
¥, « diag{S,,--- , 8, } € Rpd=xpd=,
ILLt — g+ Z H (th H + Ev)*l(ztﬂl:p —
h(pe, fi1:p)) € RI=TPds,
6 Xy — X — S HI(HS HE +%,) T HY, €
R(dz+pdys)x(dz+pdy)

7 return 7i, € R%=+rds 5, ¢ R(detpds)x(detpdy),

L7 I N

Algorithm 8: Extended Kalman Filter, State Propaga-
tion Sub-block.

_ m € Ré=tpdstpds

n, 2 0
7251/2[?1&,:0 [[ O] *251/2Ht,f
c R(dz+pdf+p/dz)X(dm"l'(p""pl)df)’

J=

where Hy == [H,, H;f] € RP'd=x(do+p'ds) i defined as
the Jacobian of h : R% xRP'% — RP %= at (7, 7,114 p) €
R=+P'd5  with Htx € RP'd=xd= gpd Htf € de xpds By
Algonthm Bl the Gauss-Newton update is thus given by:
bW
AN (23)

_< s o) Ans
0 I S

Data: Current EKF state #; € R%1P9f  with mean
7i; € R%=+Pds and covariance
3, € RUdatpds)x(datrds) - (discrete-time)
dynamics map g : R% — R%
Result: Propagated EKF state mean i, € Ré=+Pds
and covariance ¥, 1 € R(d=Hpds)x(detpdy)
1 (ﬁt,xaﬁt,}il:p) — m’ with ﬁt,z € Rdz’ ﬁt,f,l:p € def'
Ztar Ztal| 5, ¢ Riexde with
Yifr Ltff
The € RExde T, =51 e R0y
Ef Ff c def Xpdf

Og
Gi = ga |
/J't,,m

Hi+1 < ( (m) ﬁt f,l:p) € Rd' +pdf
Gtzt EIG +Eu) Gtzt a,f:|

3 sz H S
R(datpds)x(do +Pdf),

6 return p; € R%tPds 3, ) € R(detpds)x(detpds)

w

N

W

Yip1

-1
w12 o)
o s 24
[ ‘1/2th[1 0] —S,"°Hyy @Y
-1
[ HthfflfItz[I 0] H 780 1/2Htf]
Htfz 'Hyo[I O] o570 Hy g
Qf:cx“!‘th letx Qt,zf ﬁgmiglﬁﬁf -
Qsa Qs O , (25)
tfzv Hio O  H/ S, Hy
Pt <= T Ci(z7)

= (N‘tv Z(wt ) Ztyp+1)7 e 7Z(xt ) Zt,p+p’)) .

Here, we have defined ) ,, € Rdedw,Qt@f Qt fo €



Rd=xrds gnd Q; ff € Rpds xpdy by:

|:Qt,:cac Qt,xf:| — I:Et,xx

26
Qi pz Qigr P (26)

—1
Zt,acf
Xi gy

To conclude the proof, we must show that (23)) is identical
to the update equations for covariance matrix in the standard
formulation of the Extended Kalman Filter algorithm, i.e., we
must show that:

Et,mx Et.,zf Et,IIL;—
Et,fm Zt,ff Et,me;cr
szt,xx szt,xf szt,xxLI‘FLzEszT
th—kﬁgrz H, , Qt,mf .H'Jziglﬁtyf
LA Qg O
Sy, O  H,E;'Hy

equals the (d, + (p + p')dy) x (dg + (p + p')dy) identity
matrix. This follows by applying (26), as well as the matrix
equalities resulting from taking the derivative of the equation
2z 1= h (x4, (w4, 2¢)) with respect to z; € R% and z, € R,
respectively:

I=H L.,
O == gt,x + Ht,fLm-
|
Theorem A.7: The feature update step of the standard EKF

SLAM algorithm (Alg. [7) is equivalent to applying a Gauss-
Newton step on cpxpo : Rt — R, given by:

cErF2(Tt)
p
=2 — Mt||2gt—1 + Z 2,6 — (i, ft,k:)||2251-
k=1

Proof: First, to simplify notation, define:

Zep = (26,1, Ztp) € € R,
frap = ( tl,"',ff,p) € RPs,
h(ze, frip) = (h(xe, fr), h(xe, frp)) € RV,
5, = diag{%,, - 7zv} € Rpd=xpd=,

We can then rewrite the cost as:

I3

cprF2(T) = ||IT7 — MtllQEt—l + 21 — B(ED)E -

To apply a Gauss-Newton step, our first task is to find
a vector Cy(Z;) of an appropriate dimension such that
cexr2(F) = C2(%;) T C2(F). A natural choice is furnished
by Co(Z;) € R¥&=FPdi+pd= | ag defined below:

) %, 2 (@ - ) |
S0 (200 — h(F))

Thus, our parameters for the Gauss-Newton algorithm sub-
module are:

CQ(if’t) =

Br=q € Rdzﬂ)d,f

=2 (F - )

i;”%zf,l:p ~ (&} >>]
c Rdw+pdf +pdz7

Ca(37) = - |:i;1/2(zt,?:p - ﬁ(,ut)]

o1/2

B e
t

J:

where H, € RPe x RIé+rds s defined as the Jacobian of
h: Ré x Rpdr — RPd= gt 7% € Re=+Pds. By Algorithm
the Gauss-Newton update is thus given by:

S (JT)!

=+ H S H)T!

=%, -SH' &+ Y P HD) T H Y,
T e — (JTT) NI T C(3)

=y — (E;l _‘r_Ht—l—E;lHt)fl [2;1/2 _H;E;1/2i|

0
[Ev Y2 (1 — ﬁ(m))}
=+ (S0 + H ST H) T H S0 (21 — R(pe)),
=+ S, H (27 + HI S H) T (21 — R(pe)),

which are identical to the feature update equations for the
mean and covariance matrix in the Extended Kalman Filter
algorithm, i.e. (@) and (5) respectively. Note that, in the final
step, we have used a variant of the Woodbury Matrix Identity.
|
Theorem A.8: The state propagation step of the standard
EKF SLAM algorithm (Alg. ) is equivalent to applying a
Marginalization step to cgr 4 : R2=1Pdi — R, given by:

CERFt,4(Tt, Te1)

= |2, —ﬁtH%t’l +|lze41 — g(xt)H;El'

Proof: Intuitively, the state propagation step marginalizes
out ¥; € R% and retain Tiy1 € R% . In other words, in
the notation of our Marginalization algorithm submodule, we
have:

~ _ d.+pd
SCtK—:L't_HGR pf,

‘%t,M == jt S Rdm—"—pdf.

To apply a marginalization step, our first task is to find vectors
CK(SL'K) = CK(.’ft) and CM((EK,SCM) = CM(it,xt+1)
of appropriate dimensions such that cpxpa(Zt, Te41) =
Ck (ze41) " Ok (we41) + Ot (4, w441) T Crr (F¢, T441). A nat-
ural choice is furnished by Ck(z:41) € R and
Car (T4, 2441) € R, as defined below:

ci(xi41) =0

enr(Fwenn) = 7~ Tl s + o — g2

where we have identified the following parameters, in the
language of a Marginalization step (Section [II):
CK(-%t,K) =0€R

(@ - )
2;1/2 (33t+1 - g(ﬂﬁt))

For convenience, we will define the pose and feature track
components of the mean iy € R%=+P4r by 1y := (g, pi1,) €
R=+Pds | with p1; , € R% and iy, ;€ RP4s | respectively. This
mirrors our definition of z; € R% and f; 1, € RP% as the

L 2du+pd
Cyv(Ze i, Te,m) = € R2?deFpds




components of the full state &; = (x4, fr1,) € RéFPds,

In addition, we will define the components of ¥, V2 ¢
R(dz+pdf)><(dz+pdf) and it_l c R(dz+pdf)><(dz+pdf) by

Qt,xw Qt,a:f — ifl c R(d1+Pdf)><(dz+Pdf)
Qi e Qi gy ¢ ’
Ator M| . $-1/2 ¢ pldatpdy)x(detpdy)
Ap o Agyy ¢ ’

where Et,zm; At,rz € Rdedw’ Zt,zfa At,zf € Rdepdf,
Et}f:ry Auf:z: S defXd””, and Etyff, At’ff € Rrds xpdy, Using
the above definitions, we can reorder the residuals in Cx € R
and Cy; € R2%=+Pds and thus redefine them by:

Ck(Zixk)=0€R
Cum (Tt k, Te,mr)

At po(@r — pe o) + Aeag(feo1p — te,f)
= Su' (@1 — g(@r)

At po(@e — pa) + Mo (frp — pie,f)
€ R2detpds

Our state variables and cost functions for the Gauss-Newton
algorithm submodule are:

Ty = B = i € R
wi = g(&7) = g(m) € R&HP4,
CK(i;K) =0€eR,
- N [0
CM(m;K’x:,M) = o

2dq+pd
€ R¥+pds

O Ay
220
AIZ
_2;1/2Gt ER(2d1+pdf)><dI’

Agy

JM — c R(2d1+17df)><(dr+pdf)

Jg =

where we have defined G to be the Jacobian of g : R% —
R at i, , € R, ie.

dg
Gy = —=
K 5mt

Tt=Ht,x

Applying the Marginalization equations, we thus have:
pat < T — S [ = Tar (JagJan) ™ ]
Cor (i 3)
= g(m),
Ser  (JE[T = I (T dan) T Tk) 7
= (JETk — T T (T )~ T i)~

=L 0] 3 -¥1Gy
B O AfwAwf—i-A?Cf Aszmc-i-AffAfz

(A2, + AppApe + GG !

1
[=GIELY ApeAag + ApaAgy] )

- E;l O _ _Ezzth
S\LO Yy Qe
-1
(Quw + G 21G) 7 [-GI 25 Qo] )

To show that this is indeed identical to the propagation
equation for the covariance matrix in the Extended Kalman
Filter algorithm, i.e. Algorithm 5] Line [5] we must show that:

.t 0 -X,'Gy Ty—1\—1
([O fo:|_|: Qfx :|(sz+6}sz15)

-1
-7y Qwi)

Gtzt,:cf]

_ [Gtzt,mGj +3, Gi
Yifr

itfsz:

This follows by brute-force expanding the above block matrix
components, and applying Woodbury’s Matrix Identity, along
with the definitions of 3¢ ;z, At 22y Xt zfs At zfs 2t 2, At £
Zt,ff, and A@ff. |

4) MSCKF, Setup

The Multi-State Constrained Kalman Filter (MSCKF) algo-
rithm iteratively refines the mean and covariance of a MSCKF
full state, consisting of the most recent IMU state and a sliding
window of n poses. (Algorithm [J) In particular, when a set
of new IMU measurements is obtained, the MSCKEF full state
is propagated forward in time. When a new image measure-
ment arrives, the current pose is appended to the MSCKF
full state vector. Features not observed in the current pose
are marginalized. If the number of poses maintained in the
MSCKEF full state, denoted n, exceeds a pre-specified upper
bound Np.x, then features common to every third currently
maintained pose, starting from the second oldest pose, are
marginalized. Below, we discuss the key components of the
MSCKEF algorithm—the IMU state, poses, MSCKF full states,
features, image measurements, dynamics, pose augmentation
and measurement maps—in more detail.

The IMU state x; vy takes the form:

Tt IMU = (qWS7US7bg7ba7TWS)(t) S RS X Hu X ng (27)

where we use S and W to represent the sensor frame and
world frame, respectively. Here, rys € R? denotes the
position of the IMU sensor frame represented in the world
frame, gy s € H, denotes the unit quaternion of axis rotation
from world frame to IMU sensor frame, and R(qws) € SO(3)
denotes the rotation matrix associated with ¢y s. Moreover,
vs € R3 denotes the linear velocity of the IMU sensor frame
relative to the world frame, as represented in the world frame,
while b, € R3 and b, € R? denote the sensor biases of the gy-
roscope and accelerometer, respectively. Finally, s € R? and
as € R? denote gyroscope and accelerometer measurements,
respectively.

For convenience, define Xy = R? xH,, xR? and Xy =
R?xH xRY. The continuous-time IMU dynamics map givu,ct
Ximu — Xy 1s given by:

) _ *1 0
aws = qws 2 |dg — by — wy|



Algorithm 9: Multi-State Constrained Kalman Filter,
Standard Formulation.

Data: Prior distribution on zmmu,0 € Xp: N (o, Xo),

dynamics and measurement noise covariances

Y € R¥eXde 57 e R4eXd= discrete-time dynamics
map gimu : RIMU Rd‘MU, measurement map

h:Xp X R% — R?*, time horizon T, pose
transformation 1 : Ximu X (Ap)" X Xp — Xp (IMU
— global).

Result: Estimates &; € Ximu x (X})™ for all desired

B W N =

10
11
12
13

14
15

16
17
18

19
20
21
22

23
24
25
26

27
28 end

timesteps ¢ < 7', where n := number of poses in &+
at time ¢.

SZ7SI,SZ,17SZ,2 — ¢
(n,p) < (0,0)
fort =0,---,7 do

while new image 7 with new pose z,4+1 € X} recorded,
next IMU measurement not yet received do

en

pe € Ximu X (Ap)", 5 €
Rdmu+nde)x (divmy+ndz) Alg. (Ft, pes St
Tn+1, 'CUELVI-QEJI’ d)())
{2n+1,;| feature j is observed at z,1}  Feature
measurements at Tp1
{f;| Feature j is observed at 1} < Feature
position estimates at xp1.
Record new estimates of existing features and first
estimate of new features at z,41 € X.
S.
S. U {(zn+1, f;)| Feature j observed at n + 1}
n+<n+1
if n > Npax — 1 then
Sz {zilimod 3=2, and 1 <i < n.}
Sa1 {(xz,f]) € SZ|ZEZ' €
Sz, feature j observed at each pose in Sz}
end
S22 {(l‘l,f]) € S.lx; €
1., feature j observed at ; but not at x,, }.
Sy {fi]3wi € w1 st (w1, f5) € S0 U S22}
if Sy # ¢ then o
iz € Ximu x (Ap)", X €
Rdmu+nde)x (dvmy+ndz) Alg. (&1, s
Xt Tnt1, Sz1 U S22, Sy, h(4))
Tt + fix € Ximu X (Ap)"™.
end
Sz = S\(Sz1 U{(zi, f5)|zi € Sa})
Reindex poses and features, in ascending order of
index, i.e., {21, - ,Tn_|s,|} and
{flv T 7fp*\5'f\}-
d(p, n) < (p—|Ssl,n —[S|)

if t < T then

pit1 € Ximu X (Xp)", Eiqn €
R(dIMUJrndm)X(dIMUwLndi) — Alg. MSCKEF State
Propagation (Z¢, fiz, X¢)

end

29 return o, - - &1 € Xy X (Ap)"

bg:wbg,

bs = R(qws) " (as — ba +wa) + gw,

ba = Wp, ,
’I.“WS = Vgs.
where %  denotes quaternion multiplication, and

Wy, W, Wh,, Wp, € R3 denote zero-mean standard Gaussian
noise.

Each pose z; € {x1,---,x,} currently maintained
in the sliding window of poses takes the form x; :=
(qwe,,rwe,) € Hy, x R3, where rye, € R® denotes the
position of the camera at pose xj in the world frame, while
gwc, € H, denotes the quaternion associated with the axis
rotation from the world frame to the camera frame at pose
x), € H x R3. For convenience, we define X, := H,, x R3.

The MSCKEF full state maintained throughout the operation
of the MSCKEF algorithm contains the IMU state at the current
time, as well as a collection of n poses, where n is constrained
to remain below a pre-specified, fixed upper bound Ny ay:

Ty = (Te,mMUs T1, - 5 Zn) € Xvu X (Ap)™. (28)

The state space is thus X' := Xy x (Xp)".

When a new image measurement arrives, the estimate of
the current camera pose in the IMU frame, denoted xlnl\iUl €
Ximu, is transformed to the global frame, and appended to
the MSCKF full state Z;. This coordinate transformation is

realized by the map 9 : Ximuy X (&)™ — X, defined by:

V(qws, Vs, bgs ba, Tws, qwe,, Twey s s
AW Cry TWCy AW I,y 15 TWIn+1)
= (QIC K QW Ini1s T Wilngy T C(QWIR+1)7"IC)

= (qWCn+1 ) T'WCT,,_H);

where grc denotes the quaternion encoding the (fixed) trans-
formation from the IMU frame to the camera frame. In
summary, the MSCKF algorithm defines the new pose ;1
and updates the MSCKEF full state z; as follows:

Tpy1 ¢ 7/)(551575131%{}1) € Ay,
Ty = (T, Tpy1) = (i'tvw(fhxmljl)) € Xy % (Xp)n+17

with the map 1) as defined above.

When new feature position estimates are detected from a
new image measurement, the new camera pose corresponding
to this image measurement is appended to y, and n is
incremented by 1. If n = Ny« the upper limit Ny,,x, a third
of all old poses in z; is discarded, starting from the second
oldest pose. Then, feature measurements, corresponding to
features unobserved at the current pose, are marginalized and
used to update the mean and covariance of the new MSCKF
full state Z;.

As is the case with the EKF algorithm, we assume that
the image measurement space and feature space are given
by R?% and R%, respectively, with d, = 2 and d; = 3.
Throughout the duration of the MSCKF algorithm, poses and
features are added into, dropped from, and marginalized from
the MSCKEF full state. Suppose at a given time, the MSCKF
maintains n poses in the MSCKF full state Iy, and retains



measurements of p features. For each pose i € {1,---,n}
and feature j € {1,--- ,p} currently maintained in the SLAM
algorithm, if feature j were detected at pose i, let z; ; € Rd=
denote the associated feature measurement. For the MSCKEF,
the measurement map h : Xy x RY — R% is given by:

zij = h(xi, f5)
o 1 (Rlawey ) fi —rwey)s (t
(Rlgwey ) fi —rwey): L(Rlawe ) fi —rwey)y
+ Vi, j-

where R(qwc,) € SO(3) denotes the rotation matrix as-
sociated with the quaternion qwc,, f; € R? denotes the
position of feature j in the world frame, while the subscript
indices “z,y, z” refer to the respective coordinates of the
vector R(qws)fi—rws € Xp. Meanwhile, v; ; € R9: denotes
zero-mean standard Gaussian noise in the measurement at time
t, with covariance matrix X, € R%=*d= %+ (.

When a new image measurement is received, the MSCKF
algorithm performs marginalization, described in Section
IV-C| using two sets of feature measurements—the set of all
feature measurements common to old poses x; to be dropped,
denoted S 1, as well as the set of all feature measurements of
features f; not seen in the current pose, denoted S ». These
are more precisely defined in Section The measurement
vector used for marginalization, denoted z € RIS=1USz 2ld=
is then given by concatenating the ¢ residual measurements
obtained at times t —n + 1,--- %, i.e.:

Z = {zi7j|(xi, fj) S SZ71 U Sz,Q} € R‘SZ’IUSZ’ZWZ.

5) Proofs from Section

Theorem A.9: The pose augmentation step of the standard
MSCKF SLAM algorithm (Alg. [I0) is equivalent to applying
a Gauss-Newton step to cyrscrrpei @ Mmu X (Ap)" — R,
given by:

cMsckF1(Tt, Tnt1)
=z B ,ut||22;1 + e M@ Bo(@, on3)3,
and taking € — 0 in the resulting (augmented) mean p; and
covariance ;.

Proof: We claim that from an optimization per-
spective, the state augmentation step is equivalent to
applying one Gauss-Newton step to the cost function
emsckFe1 (T, Tnt1), specified above, and then taking the
limit ¢ — 0 in the resulting augmented mean u(e) €
Ay x (X)) and augmented covariance jui(e) €
R(dIMU—Q—(n—Q—l)dT,)X(dIMU—i-(n—Q—l)dm).

To apply a Gauss-Newton step, our first task is to find
a vector C(Z¢,xy41) of an appropriate dimension such that
cmsor P (T, Tog1) = C1(Zy, Tpy1) T C1(Z4, Tngr). A nat-
ural choice is furnished by Oy (%, 2, 11) € RImvt(n+de aq
defined below:

N 5% (7,8 w)
C n+l) 1= t t =
1(56157 x ,+1) 671/2 (anrl = Ql)(it, xg\ilﬁ))

Thus, our parameters for the Gauss-Newton algorithm sub-
module are:

(j:7x2+1) = (/‘tvw(utﬂmel)) € Ximu X (Xp)n7

Algorithm 10: Multi-State Constrained Kalman Filter,
Pose Augmentation Sub-block.

Data: MSCKF state Z; € Xy X (&))", with mean
te € Ximu % (&)™ and covariance
Y, € R(dIMU+ndw)X(dIMU+nd1)’ New pose
Tp4+1 € X, measurement of new pose in IMU
frame 2MY € X, Transformation of poses from
IMU frame to global frame
¢ Rlutnde) 5o 0 )
Result: Updated MSCKEF state mean
pe € Ximu % (Xp)™ and covariance
¥, € Rldmutnds)x(dmutnds) ypdated number
of poses n.
1 & (B4, 1) € ROMUFHD D \where x, 4, € X, is
the new pose vector.
2 {zp41,;| Feature j is observed at pose n + 1} <
Feature measurements at pose 11
3 {fF| Feature j is observed at pose x,,1} < Feature
position estimates at pose 4.
4 pry 4 (s (e, o)) € ROMUFOHEDE | where
e MU € R .= IMU component of /i,
™Y € X, := pose estimate of x,,41 from the IMU

n+1
frame. -
IdIMu+(n+1)dx IdIMU+(n+1)dI
5 X oY hI oY
8(’;'17'171;/[}:1) 8(53%1'[7];/5:}1)

6 return p, € Xpp X (X)),
Et c R(dIMU+nd:c)><(dlMU+nd:c)’ n>0

. s, 2@ — ) 0
Gt i) = | gt | =
R e i
c RdlMU+(n+1)dm7
. 5-1/2 0
_671/2\11 671/21dz
c R(dIMU+(n+1)dz)X(d[MUJ"(”J"l)dT)7

where U ¢ Re%*(dmutnds) is defined as the Jacobian of
¥ Xy x (X,)" — X, with respect to Z; at (Z},2Y) €
Rdmu+(n1)d= - By Algorithm [3| the Gauss-Newton update is

thus given by:

$21/2 O $1/2 /2T
Tn-1_ t t t

Ble) (1) = \I'Zim 61/21,1$ [ (@) el/zfdm
e R
U ST el |

pi(e) < & — (JT )T T O3, w)

=0.
Taking € — 0 concludes the proof. [ ]

Theorem A.10: The feature update step of the standard
MSCKEF algorithm (Alg. [TI) is equivalent to applying a
marginalization step to carsciF.t2 Xmu X ()™ %
RISslds — R, given by:

cmscrF2(Te, fs;)



Algorithm 11: Multi-State Constrained Kalman Filter,
Feature Update Sub-block.

Algorithm 12: Multi-State Constrained Kalman Filter,
State Propagation Sub-block.

Data: MSCKEF state SEt S XIMU X (Xp)n,
te € Ximu % (&)™ and covariance
¥, € Rldmutnda)x(dmutnds)  Set of image
measurements for marginalization S, 1 U S »,
Set of features to marginalize Sy, measurement
map h: X, x RY — R,

Result: Updated MSCKF state mean

Iz € Xmu X (Xp)™ and covariance
Z c R(dIMU+nd )X(d[MUJrTLd )

with mean

1 fs, € R‘Sf‘df + Concatenation of all features in S

2 f§, € RIS7lds < Concatenation of position estimate of
all features in Sy

3 h(@y, fs,) € RIS=198:214= « Concatenation of
measurement map outputs
{Pxi, f)|(2i, f;) € 21U S22}

4 z € RI9=1US:2ld= « Concatenation of feature
measurements {z;;|(z;, f;) € S.1US.2}.

s Hip < g2 (e, f5,) € RISz aldx (ind.),

6 Hyj+ %(Mufg* ) € RIS=108= 2l xISs1dy,

7 {a1,  ,as, U8, 4|d. —\sf\df} C RISz10Sz.2ld:
Orthonormal basis for N (H," )

8 A [a awsz,lusz,z|df|5-|df] €
RIS US- 2lde (1. 1US. 31d. 15 Td)]

9 QT <+ QR Decomposition of ATﬁt,z, with
Q € RUS=1USz 2]d=—[Sy]ds)x(|Sz,1US> 2]d=—|Sy|dy)
T ¢ RUS=1USz 2|d.—[S¢[dg) X (dimu+ndz)

0 S, S +TT(QTATRAQ) T
R(dIMU+ndm)X(dIMU+ndm)'

n 8 (S7 +
TT(QTATRAQ)™'T) 'TT(QTATRAQ)™ ' (: 8
h(fit)) e XIMU X (Xp)n

12 Iy e € Ximu X (Xp)n

13 return n; € Xy X (_)(p)n’
3 € R (dmv+nda) x (dipy+ndz)

=leBulg+ 3l Bk g
(wi%fj)esz,lusz@
where fg, € RIS714s denotes the stacked vector of all feature

positions in Sy (see Algorithm [J).
Proof: First, we rewrite cprscK F,t,2 as:

cmsckFe2(Tt, fsy)
= H‘%t Elut”;t—l + ||’g B h(‘%t7f5f)||§:;1)

s iL : XIMU X (Xp)n X ]Rlsfldf —
: are defined as follows—Z denotes the stacked
measurement vectors in {z; ;|(z;, f;) € S.1 U S.2} €
RIS=1U8z2]d= (act,fsf) denotes the stacked outputs of
the measurement map in {h(zy, fj)|(2i, f;) € S.1 U

S.2} € RIS=1US:2ld= apd 53 = diag{®,, - ,%,} €
RIS:1d- xS |d-

where Z € RIS=1U9:2]d

RISZ 1US, 2‘d

Essentially, by marginalizing the feature position estimates,
this step utilizes information from feature measurements to

Data: MSCKF state Z; € Xy X (&))", with mean
te € Ximu % (&)™ and covariance
¥, € Rldmutnda)x(dwutndz) - (discrete-time)
dynamics map g : R9mu — Rmu,
Result: Updated MSCKF state mean
pet1 € Ximu X (X,)™ and covariance
Et—i-l c R (dnmu+ndz) X (dmu+nds)
1 (Femus Pty 1n) Tz With i, g € R,
ﬁt x,1:n € Rndw .
2 G4 + Jacobian of gpy :
Ty € ROV,
pre1 < (goau (T vy ) P, L ) € Ximu X (Ap)".
Gy O G 0] Yo O
5 w]5s 0] 5 9

R (dnu+ndz) X (dmu+nds)

Rému — RImMU evaluated at

w

&~

Zt+1 <

5 return p4q1 € Xy X ()",
Yiy1 € Rlnwtnds)x(duwtnds)

constrain our state estimates. To accomplish this, we choose
our algorithm variables as follows:

Ty =3 = (Tmus 1, 5 Tn)
€ RdlMUJr’ﬂdgng\Sf\df7
Zer = fs, € RISsIdr
T = (iu}{, jt,M)
c RdlMu-i‘ndgg-F\Sf\df7
s, 2@ B )

Cnr(Fex, e 01) o= 5,92 (28 h(a, fs,))
v ty f

c RdIMUJrnder\Sz,lUSz,sz )

The Marginalization algorithm block then implies that:

ICwm w2
JKk = 97, —= ([, f5,) = Z_I/Qfo
R(dIMU"‘ndm"l"Sz,lUSz 2ld )X(dlmu-i-ndx)
oC [ O i
Jpm = 1o~
ST

dmu+ndz~+|S, 1US, 2|d,) X |S¢|d
ER( MU [Sz.1 ,2]dz) XS] !

where we have defined:

15 ; € R!S714s « Stacked position estimates of features in S,

- oh - .
oo = o f3,) € RIS 0Sealtex ),
g im0, £, ) € RIS Sl <1510

dfs;

Recall that the marginalization equations (I0) and (9) in our
formulation read:

i < px — Sk [T — T (g Ian) " I Ot (B i, B0,
Sk (JEI = T (T dn) VI Jk) ™



Substituting in the above expressions for Jg,Jys, and
Cup (m, fgf), we have:

— (JE = T (T Ia) ™ T k)

Xy
_ ( [2;1/2

I 0
[O IS0 P Hy p (] 5 Hy )" 1S5

E1/2 -1
_ (Zt +HTZ 1/2[1 $- 1/2Htf(HtTf§~]v_11~{t,f)_1
H S, P18 P Hy) ™

T+ pire — ST I - JJM(JJ—\FIJM)_l‘]]\TJ]CM (122, fs**f)
=+ (S + HLE 2

,f{;’xigl/?}

tw v
[I-x;1/2 Htf( fz YHyp) T H S0
1/2Ht
SV 1 -5 1/2Hff(Hinilﬁt,f)*1
H fE 1/2] 1/2( (xtmef))'

Comparing with the update step in the MSCKF algorithm, i.e.,
(TO) and (9), reproduced below:

T ey T (QTATE, AQ)
T+ (S +TTHQTATE, AQ) ™
TT(QTATS,AQ)™ (5 -

lT)fl
?l(ift,fsf))

we find that it suffices to show:

TT(QTATS,AQ)!

—HLENQ[I S, VP H, p(H S Hy )T H 50
—1/2
=H, %5 Hm—Hmzv VHy p(H] S0 Hyp) " H S0

To see this, recall tpat A is defined as a full-rank matrix whose
columns span N (H,';). Thus:

(S, 12H, )T -2Y2AQ = H AQ = O.

In other words, the columns of f); Y Qﬁt’ ¢ and of fl}/ 2AQ
form bases of orthogonal subspaces whose direct sum equals
R™44= We thus have:

2;1/2gt,f(f{;,fi;1f{t,f) 1HT 1/2
+ ii/QAQ(QTATEUAQ) QAT -
which in turn implies that:
TT(QTATE AQ)*I
—HT AQ(QTATZ AQ) 1QTAT
— 1SS 2A0)
(QTATil/Q il/zAQ) (QTAT21/2) —-1/2
- HtT:v v J2 (I Z 1/2Ht f(Ht7,f2v Ht7.f) 1Ht—7rf2v 1/2)
E 1/2

v

=M1 o3, Hy o — S

t,x let7f(H75T,f2;1Ht,f) H fE
as claimed.
|
Theorem A.11: The state propagation step of the standard
MSCKF SLAM algorithm (Alg. [T2) is equivalent to applying
a Marginalization step once o cprscrr 4 @ R2IMUTnds 5 R
given by:

cMmscK Fita(T, Teg1,MU)

=% EWH%A + |2t 41,mu B gIMU(fL't,IMU)H;;l'
t

Proof: We claim that from an optimization perspective,
the update step is equivalent to applying one marginalization
step to the cost function carscrrea(Ze, Tiy1,mu) specified
above. In particular, we wish to marginalize out ¢ mu € Ximu
and retain x;41 vy € Ajmu; in other words, in the notation of
our Marginalization algorithm submodule, we have:

Tk = (Tygp1,MU5 T1, -+, Zn) € XMy X (Xp)nv

Ty, M = Ty, MU € XMU-

To apply a marginalization step, our first task is to
find vectors Ck(zxx) = Cg(Z:) and Cy(zr,zym) =
Cr (%, 441, mu) oOf appropriate dimensions such that
evscrFa(@e, Ter1mmu) = Ck (2er1,mu) T Ck (@41, mu) +
Crm(Z4, 2411.m0) T Car (T4, ¥441,mu)- A natural choice is fur-
nished by CK(xt—i-l,IMU) € R and CM(jt7$t+1,IMU) € Xp, as
defined below:

CK(.i?th) =0eR

L 5,12
COm (@t e, Temr) = | (—1)0 &~ )
Y (17t+1,1MU — gnu(Ze,mu))
c R2dIMU+ndw'

For convenience, we will define the IMU state and pose
components of the mean p; € Xy X (Ap)" by p =
(e, U, peivu) € Ao X (Xp)", with gy € X, and
pen € (Xp)", respectively. This mirrors our definition of
xy € Xp and z,41 € (X)) as the components of the full
state Ty = (x4, Tnt1) € Ximu X (A,)". In addition, we will
define the components of ¥, /% € R(dmw+nds)x(dmy+nds)
and it_l c R(dlmu+ndx)><(d1Mu+nd. ) by:

Qoo Yamu,e | $-1
T t
Qt,a:JMU Qt@,w
dimu+ndz) X (dvu+nd,
6 R( IMU \E) ( IMU ‘2)7

At,IMU,IMU At,IMU,m o 271/2
7
At,x,IMU At,z,m
divu+ndy) X (dyu+nds
c R( IMU ) x (divmu )’

with the dimensions of the above block matrices given by

divu X d
X MU, MUy A ivu, o € REmuXdivu,
Ry xndy
b

YemMu,e, Aemue €
3t .2 MU, Mt oMU € Rpdexdmu - gnd
Ytz Maa € R7daxnde Using the above definitions, we
can reorder the residuals in Cx € R and Cj; € R2dmutnds
and thus redefine them by:

CK(ft’K) =0eR



Cum (%o k, Te,m)
Aivuivmu (@, mu — fevmu) + Aeivu,e (T1:0 — Hez)
—1/2
= Yo (@1, mu — givu(Zemu))

Atz vu(@e o — pemu) + Atp o (T1n — fitz)
2dwmu+ndy
6 R IMU J"

where 1., 1= (21, ,2,) € ()™
Our state variables and cost functions for the Gauss-Newton
algorithm submodule are:

Ty =T =g € Xpu x (A)",
rje = g(f) = g9() € Xmu x (A4)",
C’K(i;K) =0€eR,
s [0
C]W(x;Kth,M) = o

2dmvu+ndy
c R2¢mu+tn ,

[ O Amu,z
Ik = |2, 0
) Aza

c R(2dlmu+ndw) X (divu+ndy)

Amvu,ivu

JM — _2;1/2Gt c R(Qd[MU"rTLdm)Xdz’

A;z,IMU

where we have defined G; to be the Jacobian of gpy :
Xivu — Xmu at Tipmu € X, 1.6

Jg

0%+ MU
L, IMU=Ht,IMU

Gti

Applying the Marginalization update equations, we thus have:
preg1 < o — Seprde (I — Jar(Jagdar) ™ g
Cu (%, 7y)
= 9(fm),
Ser (T[T = I (T dan) " 5] Jk)
— (JE T — T I (T da) ™ Ty i)

_ [ [E O
B O ApmuAnus + A2,

. 7E;1Gt )

Az muAmvu,mu + Az A My
: (AI2MU,IMU + Amu,e Az, MU + GlIy,'Gy)™t
—1

[-GIEL AnumuAnvu,e + AeivuAaz )
_([Zt O] [-E.'Gy
N 0 me Qz,IMU

(Qmumu + G 2,1Gy) 71

-1
[—GIZ;I QIMU,z] )

To show that this is indeed identical to the propagation
equation for the covariance matrix in the Extended Kalman

Filter algorithm, i.e. Algorithm [5] Line [5] we must show that:
S0 0] 216G
0 Q:cw Qz,IMU
-1
(Omummu + G 2,1 Gy) ™t -G 2.t Qe )

_ [GtEtJMUJMUGtT-FZw GthMU,m]

T
Et,IMU,.?cCTYt Et,x,:c

This follows by brute-force expanding the above block ma-
trix components, and applying Woodbury’s Matrix Iden-
tity, along with the definitions of X;mvumu, Ae,mumvmu,
X MU,z A MUz, 2,2, MU Mtz MU, Dtz,2, and Ay g .

|

D. Simulation Settings

1) Dataset

All experiments are performed on the EuRoC MAV dataset
[27], a popular public SLAM dataset of stereo image se-
quences and inertial measurement unit (IMU) measurements.
The stereo images and IMU measurements arrive at rates of
20Hz and 200Hz, respectively. The sensor suite is mounted
on board a micro aerial vehicle. Ground-truth poses, recorded
using a Vicon moion capture system and IMU biases, are also
available for each sequence. Our experiments are carried out
on the Vicon Room 2 01 and 02 sequences, which contain
about 2300 stereo images each and span about 2 minutes of
real-time operation. The first of these sequences is easier to
analyze via our SLAM algorithms, as it corresponds to simple
and slow evolution of the camera, while the latter contains
some jerky and quick motions that prove challenging to some
algorithms.

2) Front-end and Back-end

Since the focus of this work is the SLAM back-end, we
standardize the front-end across all experiments, altering only
the back-end used to process the abstracted data produced
by the front-end. We use keypoint features as environment
landmarks, as is standard in visual SLAM. First, BRISK
features are extracted from both images of the input stereo
pair. Then, feature matching is carried out between the left and
right image frames. We then carry out brute force matching
using Hamming distance on the binary BRISK descriptors,
and filter outliers via an epipolar constraint check, using the
known relative pose between the two cameras in the stereo
set-up. Only keypoints for which a stereo match was found
are kept. Next, a four-way consistence check is carried out.
i.e. a match between two stereo frames S7,.S; is accepted if
and only if both observations of a given feature in S; are
matched to the respective observations of the same feature
in Ss. Finally, outlier matches are rejected by projecting the
best estimate of the matched feature onto the best estimate
of the current camera pose, and rejecting matches that have
a high reprojection error. Any stereo matches in the current
frame that were not matched with a previously seen is recorded
as a newly detected landmark, and initialized using stereo
triangulation from the best estimate of the current camera



pose. The front-end maintains data structures allowing two-
way access between features and camera poses: for each
feature index, it is possible to look up all camera poses from
which that feature is visible, and likewise for each camera
pose it is possible to query which features are visible in that
frame.

For book-keeping the cost function in the back-end, comput-
ing Jacobians, and implementing Gauss-Newton optimization,
we use GTSAM in C++ [8) [28]].

3) Dynamics and Image Measurement Models

We use an on-board IMU to collect odometry measure-
ments, i.e., body-frame angular velocity and linear acceler-
ation, and apply the IMU pre-integration scheme detailed in
[29]], as summarized below. The objective of IMU preintegra-
tion is to establish a discrete-time dynamics map x;+1 = g(x¢)
that allows us to predict the pose of the robot at time x;1
given the pose at time ¢ and the IMU measurement at time £.
Here, each timestep corresponds to a new image measurement.
Since IMU measurements arrive at a faster rate than image
measurements, to compute this map, we must stack several
IMU measurements into a relative state measurement, which
can then be concatenated with the state at time x; to get the
predicted state at time xyyi.

The robot state x; consists of the orientation, position, and
velocity of the body frame relative to the world frame, and
the IMU biases, so that z; = (R, pt, v, bt ), where (Ry, pt) €
SE(3), v, € R? and b, = (b],b%) € R3 x R3 ~ RS are the
IMU biases in the gyroscope and accelerometer respectively.
The IMU biases are slowly varying and generally unknown,
so they are included in the robot state and are also jointly
estimated.

The IMU measures angular velocity and accelerations. The
measurements are denoted pa and gy g. Here, B refers to
the robot’s body frame and W the world frame. The prefix
B means that the quantity is expressed in the B frame, and
the suffix W B denotes that the quantity represents the motion
of the B frame relative to W. So the pose of the robot is
(Rwp,wp) € SE(3). The measurements are affected by
additive white noise 7 and the slowly varying IMU biases:

Bowg(t) = pwwn(t) + b7(t) +n°(t)
pa(t) = Ry p(t)(walt) — wg) + b7 (t) +n°(t)

where wwyp is the true angular velocity, ywa the true
acceleration, and yrg the gravity acceleration vector in the
world frame. Assume that between timestep ¢ and ¢ + 1, we
received m IMU measurements, at constant time increments
At. [29] provides expressions for (z;+1 B g(z;)) directly in
terms of the IMU measurements. Additionally, expressions
for noise propagation are also provided, which allows us to
compute the covariance X, over the error (r:+1 B g(z:)) in
terms of the measurement noise 7, which is what we need to
compute the required cost function ||z B g(:n,g)sz_1 and
Jacobians. ’
Given a camera pose z; = (Ry, p;) and a 3D feature location
fi = (f{, ]y,ff), the camera measurement model h(xy, f;)
predicts the projected pixel location of the point in both stereo
images. We assume the stereo camera pair is calibrated and

rectified, so that both cameras have the same pinhole camera
matrix K, and the epilines are horizontal. As such, the two
measurements of a point in the two cameras will share the
same v-coordinate in (u,v) image space. Therefore, an image
measurement will be stored as a 3-vector (ur,ug,v), where
the coordinates of the measurement in the left and right image
are (up,v) and (ug,v) respectively. The measurement map
h predicts the image location (ur,ugr,v) by projecting the
point f; onto both image frames (with the standard pinhole
projection), using the known poses of the two cameras in the
robot’s body-frame. Due to noise, the actual measurement
will not have the exact same v coordinate, so the image
measurement is collected by averaging the two v-coordinates
of the two keypoints. This measurement z;; is then compared
to the predicted coordinates by a Mahalanobis distance in
R3 space to get the cost function ||z; — h(xy, fj)HZZ;l’ The
covariance %, is the expected noise in image space, which is
a design parameter. In our experiments we choose X, = o3
where I3 is the 3 x 3 identity matrix and ¢ = 0.05 pixels,
which was found to work well in practice.
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